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A TREATISE 



ON THE 



GEOMETRICAL REPRESENTATION 



OF THE 



SQUARE ROOTS OF NEGATIVE QUANTITIES^ 



CHAP. I. 

DEFINITIONS, ADDITION, SUBTRACTION, PROPORTION, 
MULTIPLICATION, DIVISION, FRACTIONS, AND RAIS- 
ING OF POWERS. 

(Art. 1.) All straight lines drawn in a given 
plane, from a given point, are represented in length 
and direction by Algebraic quantities; and in the fol- 
lowing Treatise whenever the word quantity is used, it 
is to be understood as signifying a line. 

(2.) Def. The given point from which the straight 
lines are measured is called the origin. 

(3.) Def. The sum of two quantities is the di- 
agonal of the parallelogram whose sides are the two 
quantities. 



Thus if a represent AB in length and direction, 




and h represent AC in length and direction ; and the 
parallelogram ABDC h& completed^ and the diagonal 
AD be drawn; a+b represents AD in length and di- 
rection. 

(4.) Def. Subtraction is the reverse of Addition^ 
or if the sum of any two quantities a, bhe c; bis called 
the difference which arises from subtracting a from c. 

(5.) If three quantities be added together, the sum 
will be the samcy whatever be the order in which the 
quantities are added together. 

Let a, by c be the three quantities. 




Let AB^a, AC^b, AD^c. 



Let the parallelogram ABEC be completed^ and 
the diagonal AE be drawn 

AEz^a + h. 

Let the parallelogram AEFD be completed^ and 
the diagonal AF be drawn 

AF^ {a + b) + c. 

Again^ let the parallelogram ABGD be completed^ 
and the diagonal AG be drawn 

AG = a + c. 
Join CF, GF; 

/. BG is parallel and equal in length to AD, 

and EF also parallel and equal in length to AD^ 

BG is parallel and equal ia length to EF; 

.*. GF is parallel and equal in length to BE, and 
therefore to AC; 

/. ACFG is a parallelogram, and AF the diagonal; 

.-. AF={a + c} + h; 

In like manner (a + A) + (j == (A + c) + a. 

(6.) The sum of any number of quantities is the 
same, whatever be the order in which the quantities 
are added together. . 

Firsts let there be four quantities, a, h, c, d. 

By the preceding article, the sum of any three of 

these will be the same, whatever be the order in which 

they are added together. 



Let a + b + c =i s, 
a + b + d =i t, 
a + c + d =:U, 
b + c + d s= V. 

To prove that 8+d^t + c=^u + b=:v + a, 

3 =::a + b + c 

= (a + ft) +c; 

.\ 8 + d = {(a + b) + c] + d 

= {(a + A) + d} + c, (by Art 6.) 

= « + c. 

In the same manner it may be proved that 

8 + d=^u-hb=sv+a; 

therefore if four quantities be added together^ the 
sum will be the same, whatever be the order in which 
the quantities are added together. 

In like manner it may be proved, if there be five 
quantities, &c.; therefore the sum of any number of 

quantities is the same, whatever be the order in which 

the quantities are added together. 

(7.) Let there be any number of quantities AB, 
AC, AD ; and let BE be parallel and equal in length 
to AC, and EF paraUd- and equal in length to kD, 
and let AP be joined; AP=: AB + AC + AD. 

For join AE, CE. 



Then ABEC is a parallelogram^ and AE the di- 
agonal ; 

a. 




. . AE==^ AB + AC. 
In like manner it may be proved that AFbsAE+AP; 

.-. AF=: AB+ AC + AD. 



(8.) Def. If a represent a quantity in any di- 
rection^ — a will represent a quantity equal in length 
to the former, but drawn in the opposite direction: 
thus if AB be represented by a, and BA be produced 
to C, and AC taken equal in length to AB, AC 
will be represented by — a. 

(9.) The difference which arises from subtracting 
hfrom a = a + ( — b). 

Let AB = a, AC =^b. 
Join BC, and complete the parallelogram ACBD, 

AB^AC+ AD, 
or a— h + AD; 



•\ AD is the difference which arises from subtracting 
b from a. 




Again^ produce CA to £, and make AE equal 
in length to AQ and join ED; therefore since DB 
is parallel and equal in length to AC, it is also parallel 
and equal in length to EA; therefore EDBA is a 
parallelogram, and AD the diagonal; 

.-. AD^ AB + AE 

= a + (- h); 

therefore the difference which arises from subtracting 
h from a = a + (— 6), 

(10.) Def, a + (— 6) is expressed a - 6. 

(11.) D£F. Quantities drawn from the origin in 
a certain direction, which direction is arbitrarily as< 
sumed, are called positive quantities ; and those 
drawn in the opposite direction are called negative 
quantities. 

(12.) Def. The first of four quantities is said to 
have to the second the same ratio which the third has 
to the fourth; when the first has in length to the 
second the same ratio which the third has in length 
to the fourth^ according to. Euclid's definition; and 
also the angle at which the fourth is inclined to the 



third, is equal to the angle at which the second is 
inclined to the firsts and is measured in the same di- 
rection*. 




Thus let AB in length : JC :: AD in length : 
AE, and also let angle DAE be equal to angle BAC, 
and be measured in the same direction from AD, 



* Angles are said to be measured in the same direction, when the 
arcs, which subtend them, are measured in the same direction round 
the circle ; and are said to be measured in opposite directions, when the 
arcs are measured in opposite directions. 




Thus angle DAE is said to be measured from AD in the same 
direction that angle BAC is from AB, because arc DE is measured from 
D in the same direction round the circle that arc BC is from B ; and 
angle EAD is said to be measured from AE in the opposite direction 
that angle BAC is from AB, because arc ED is measured from £ in 
the opposite direction that arc BC is from B, 
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that angle BAC is from AB : then AB is said to 
have to AC the same ratio which AD has to AE. 

(13.) If d be a fourth proportional to a, b, c; 
there is no other quantity different from d which is 
also a fourth proportional to a^ b^ c. 

For, (by Euclid, Book v. Props. 8 and 13.) 
a has in length a greater ratio to 6 than c has in 
length to any quantity greater than d; and c has in 
length a greater ratio to any quantity less than d, 
than a has in length to b; therefore there is no 
quantity greater or less in length than d^ which is a 
fourth proportional to a, b, c. 

Neither is there aiiy quantity different in direction 
from d, which is a fourth proportional to a, by c. 

For since (2 is a fourth proportional to a, b, c; d is 
inclined at the same angle to c, which b is to a. 

Let this angle be A. 

Since b is inclined to a at the angle A, it is also 
inclined to a at the angles A+36o^, A + 2.36o^, &c. 

A — 36o^ A - 2.36o^ &c. ; 

therefore any quantity which is equal in length to d, 
and inclined to c at any of the angles^ 

A, A + 36o\ A + 2.36o^ &c. 
A - 36o^ A - 2.360P, &c. 
is by the definition a fourth proportional to a, 6, c. 

But since d is inclined to c at the angle A, it is 
also inclined to c at the angles 



A + 360^, A + 3.360^, &c. 
A — 3600, A - 2.36o^ &c. ; 

therefore there is no quantity different in direction 
from d, which is a fourth proportional to a, b, c ; 

therefore there is no quantity different from d, which 
is a fourth proportional to a, b, c. 

(14.) ^ four quantities be proportionals, they 
are proportionals also when taken inversely or alter- 
nately. 




Let AB : AC : 

Then inversely AC : AB : 

and alternately AB : AD : 
For since 



AD : AE. 



AE 
AC 



AD, 
AE, 



AB in length : AC :: AD in length : AE, 

(by Simson's Euclid^ Book v. Prop. B.) - 

AC in length : AB :: AE in length : AD. 

And since angle DAE is equal to angle BAC, and 
is measured in the same direction from AD, that BAC 
is from AB; angle EAD is equal to angle CAB, and 

B 
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is measured in the same direction from AE, that CAB 
is from AC; 

..AC : AB :: AE : AD. 

Also since 

AB in length : AC :: AD in length : AE, 

(by Euclid, Book v. Prop. l6.) 

AB in length : AD :: AC in length : AE. 

And since angle DAE = angle BAC, angle CAE = 
angle B^D; 

/. AB : ^Z) :: ^C : AE. 

(15.) i/*ia : b :: c : d, awrf c : d :: e : f; then 
a : b :: e : f. 

For since a in length : fc :: c in length : d, 
and c in length : d :: e in length : /, 

(by Euclid^ Book v. Prop. 11.) 

a in length : b :: e in length : J*. 

And since the angle at which / is inclined to e is 
equal to the angle at which d is inclined to c, and the 
angle at which d is inclined to c equal to the angle 
at which 6 is inclined to a; the angle at which jf' 
is inclined to e is equal to the angle at which 6 
is inclined to a; 

(16.) ij^a : b :; c : d, then a+b:b :: c + d:d. 
Let AB = a, JC == b, AD = c, AE = d. 
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Complete the parallelograms ABFC, ADGE, and 
draw the diagonals -^F, -^G. 




Then AF = a + b, and AG = c + rf. 

And since JB in length : AC :: AD in length : AE, 

and angle DAE = angle BAC, 

parallelogram BACF is similar to parallelogram DAEG; 
therefore triangle FAC is similar to triangle GAE, 

therefore angle FAC = GAE, 
and AF in length : AG :: ^G in length : AE; 

.'. AF : AC :: ^G : AE, 

or a + 6 : b :: c + c? : rf. 

(17.) Def. Unity is a positive quantity arbitra- 
rily assumed^ from a comparison with which the 
values of other quantities are determined. 

(18.) Def. If there be three quantities such that^ 
unity is to the first as the second to the third; the 
third is called the product which arises from the 
multiplication of the second by the first. 
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Thus if, 1 : a :: 5 : c, c is called the product 
which arises from the multiplication of 6 by a. 

(19.) If c = the product which arises from the 
multiplication o/* b &y a, c is also equal to the pro- 
duct which arises from the multiplication of ^ by h. 

For since I : a :: b : c, 
alternando 1 : 6 :: a : c; 

therefore c is also the product which arises from 
the multiplication of a by b. 

(SO.) a : ac :: b : be. 

For (by definition of multiplication) 

1 : c :\ a : ac, 
and \ I c \i b \ be; 
.'. (by Art. 15.) a : ac :: b : be. 

(21.) Cor. Hence alternando 

a : b :: ac : be. 

(22.) If three quantities be multiplied together^ 
the product will be the same, whatever be the order 
in which they are multiplied together. 

Let a, b, c be the three quantities. 
Let ab = d, and cd = e, 
and let ac = f and bf =2 g. 
To prove that e = g-, 

I : a :: b : df 
and 1 : a :: c : f; 
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.\ b : d :: c : f 

be : bf (Art. 21.) 
be : g; 
also b : d :: be \ de (Art. 21.) 

be : e; 
.-. (by Art. 13.) g- = e, 
or (a . c) . 6 = (a , 6) . c. 

In like manner it may be proved that 

(a . c) . 6 = (6 . c) . a ; 

therefore the product is the same^ whatever be the 
order^ in which the quantities are multiplied toge- 
ther. 

(23.) Cor. Henee the product of any number 
of quantities is the same, whatever be the order, in 
which the quantities are multiplied together. 

(24.) (a + b) . c = ac + be. 

For (by Art. 21.) a : b :: ae : be; 

.*. (by Art. l6.) a + b : b :: ac + be : be; 

.'. alternando a + b : ac + be :: b : be. 

But by definition of multiplication 

l:e::b:bc; 

.', I : c :: a + b : ac + bc; 

.'. {a -\- b) e = ae + be. 

(25.) (a + b + c) d = ad + bd + cd. 
For (by preceding Article) (a + b + e) d=(a + b) d + ed 

= ad+bd + ed. 
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(26.) . (a + b) . (c -f d) = ac + ad + be + bd. 
F6r {a +b).{c +d) = a.{c + d) + 6 . (c + d) 

= ac + ad + be + bd. 

(27.) a X (-b) = - ab. 

For let ab = or, 
1 : a :: b : x. 

But since the angle at which — :r is inclined to 
— 5 is equal to the angle at which x is inclined 
to b, 

6 : 0? :: - 6 : — ac; 

.•. a X (— 6) = - a? = — ab. 

(28.) (-a).(-b) = ab. 

For by the preceding article 

(-«).(-*)= -{-a)b 

= -i-ab) 
= ab. 

(29.) Def. If three quantities be such that the 
first is to unity as the second is to the third; the 
first quantity is called the quotient which arises 
from the division of the second by the third. 

Thus if c : 1 :: a : 6; c is called the quotient 
which arises from the division of a by b. 
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(30.) Def. The quotient which arises from the 
division of a by 6 is thus expressed a -r 6, 



1 fl 
or thus 7 . 
b 



(31.) If c ^ T^j then a a= be and conversely. 

Let c = 7 ; 



/. invertendo 1 : c :: 6 : a; 

/. a = he. 

In like manner the converse may be proved. 



(32.) ^« = - © . 



For let 1=0; 

then c : 1 :: a : 6; 

.*. alternando c : a :: 1:6; 

.*. — c : — a :: 1:6; 

.'. alternando — c : 1 :: — a : ft ; 



----©• 



(33 ) rb = - (b) • 



Let "7 = c^ 
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(34.) 



— a 



a 



a 



Let g = c, 



c : 1 :: 






a 
1 



a : b 
a : — b; 



a 



(35.) 



// a : b :: c : d, ^Aew r = ^ • 

b (1 



Let ^ = ^, 

0? : I :: fl : A 
:: c : d; 
c a 



(36.) ^ b "^ 3 ' «» = '^ "• c • d. 



For let T or -. 

a 



^ or :i = X, 
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X : \ :: a : b, 

also X : I :: c : d; 

.\ a : b :: c : cL 



(«•) l = fc- 



For (by Art. 21.) a : b :: ac : be ; 
/. (by Art. 35.) 7 = r 



c 



(38.) ^^5 = ^t_^ 

^ a a a 

For let - = a?^ - = V : 

/. (by Art. 31.) b = aa:, and c = ay; 
.'. b + c =r. ax + ay ^ (by Art. 24.) ^(.t-f-y); 

b + c . * . c 

a '^ a a 



(39.) Cor. Hence - + - = 

^ ^ a c ac 

«^ 6 &c . c? at/ 
For - =s — , aiid - == — : 
a ac c ac 

b d be -^ ad 

• _1_ SMB. 

a c ae 
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/An> b d bd 

(40.) - X - = — . 

^ ^ a c ac 

For let - = ^, - = i^ ; 
a c "^ 

then h = ax and d = cy ; 
.\ bd = ax X cy -ac X xy, (by Art. 23.) 

ac *^ a c 

.^, V b d be 

(41.) « -p^ =— . 

'^ a c ad 

6 d 

For let - = X, - = i/ ; 

then b =^ axj and d ^ cy; 

.-. fee = (aj^)c = (ac) Xy 

and ad = a{cy) = {ac)y; 

he {ac)x ^ X ^ b d 
ad'^ (ac)y ^ y "^ a ' c * 

(42,) Def. Any quantity a x a x a, &c. to n 
factors is called the n^ power of a, and expressed 

(43.) If h be an n^ power of a, b is the only 
n^ power of a. 

For 1 : a :: a : a^; 
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therefore since c^ is a fourth proportional to 1. a^ a; 
it is the only fourth proportional to ly a, a; 

therefore there is only one second power of a. 

In like manner since a^ is a fourth proportional to 
1, a^ a^ ; it is the only fourth proportional to 1, a^ 
a'; 

therefore th^re is only one-third power of a ; 

therefore only one-fourth power of a, &c. ; 

therefore only one w* power of a. 

(44.) a™ X a" = a™ + ". 

For a"* = a X a X a .... to m factors, 

and a'* = ttxaxa....tow factors; 

.-. a""* X a'* = a X a X a. . . .to m + w factors 



a"* 
(45.) — = a"""", when m is greater than n; 

--in ^ 

and -zr = -- — , when m is less than n. 
a° a"-" 

For, when m is greater than n 

(by Art. 44) a" x a*"^" = a'' + '"-'^ = a"»; 

a"* 
.-. (by Art. 31.) -^ = a"""". 



20 
Again when m is less than w, a*" x a"""* = a'*; 

•*• ~7i = ^i^;; ;r-;i = (by Art. 37.) -— -: . 



(46.) (ab)"* = a™.b". 

For {aby^ = (aft) . (aft) . (aft) ... .to m factors 
?= a . a • a . . . to m factors x ft . ft . ft . . . to m factors 
= a*" . ft*". 

m r>m 



(«•) (b) =5^- 



^^^ C a) =7X7XT-...tom factors 

_axax a.... to m factors 
""ftxixft-.-.tow factors 

_ a"* 
"" ft^* 

(48.) (a°^)" = a™°. 

For {a^Y = cr X a*" x a~ to n factors 

= ar\ (by Art. 44.) 

(49.) If a an^ b fte positive quantities and a 
greater than b, a" i« greater than b". 

Let a =ft + c, 

a^ = ft" + 2 ftc + c* ; 
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.'. a* ia greater than b*. 
Let c^-y -^d, 

.'. (v^ is greater than h^. 

In like manner it may be proved that a^ is greater 
than 6\ &c.; 

.-. rf* is greater than If, 

(50.) If a and b &6 any quantities^ and a en 
length greater than b, a"* is in length greater than 

Let c be a positive quantity equal in length to a, 
and d b; 

c is greater than d; 

therefore by the preceding Article c* is greater than d*"; 

but c"* is in length equal to a"*, and d"" to 6"*; 
.'. a*" is in length greater than b"". 

(5L) If ab = c, and a be inclined to unity at 
an angle = A, and b at an angle = B ; c will be 
inclined to unity at an angle = A + B. 

For let AB = unity, AC = a, AD = 6, ^E = c, 
then angle BAC = A, angle jB^D = fl ; 

and since c =^ ab, 
I : a :: b : c; 



Oc 



/. (by Art. 12.) angle D J A' = angle BAC-A; 

and angle BAD =: B ; 




therefore angle BAE =^ A -k- B; 
therefore c is inclined to unity at an angle =- A + B. 

(52.) If b = a", and a ie inclined to unity at 
an angle = A ; b will be inclined to unity at an 
angle = mA. 

For since a^^a.a, 
(by Art. 51.) a^ is inclined to unity at an angle 

^ A + A ^ 2 A; 
and since (j^^a,o?, a^ is inclined to unity at an angle 

=^ A + 2A =: SA; 
in like manner a^ is inclined to unity at an angle 

= 4 ^ ; &c. ; 
/. b ^ a"" is inclined to unity at an angle = mA. 

(53.) If a be inclined to unity at an angle 
= A, and b at an angle = B^ and c = r ; c will 
be inclined to unity at an angle = A - B. 
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Let ^i? = unity, angle BAC—A, angle BAD — B, 
AC^a, AD = b, AE^c; 




a 
since c = 7 , 
p 

c : 1 : a : b; 

therefore angle CAD = angle EAB; 

therefore angle BAE = angle BAC - angle BAD 

= A^B; 

therefore c is inclined to unity at an angle ^ A -- B. 



CHAP. II. 



ROOTS OF QUANTITIES, FRACTIONAL AND NEGATIVE 

INDICES. 

(Art. M.) Def. Any quantity, which when raised 
to the n^ power produces a quantity a, is called 
the n^^ root of a, and expressed thus ^^y^^ 

(55.) Def. The rn!^ power of the w*^ root of 
a, or {^aT is expressed thus ««*. 



1 
(56.) Def. — is expressed thus a"^, where m 

may be either whole or fractional. 



* This as a general definition of a power of any quantity is defective, 
for, if the p*^ power of a be required, where j9 is a surd, since no fraction, 
whose numerator and denominator are whole numbers, will accurately 
represent p, this definition cannot strictly be applied. But, as the fifth 
definition of the fifth Book of Euclid is a correct and general definition of 
proportion of magnitudes, and that usually given by Algebraists a de- 
fective one, so a general definition of a power of any quantity might have 
been given, bearing the same analogy to the fifth definition of the fifth 
Book of Euclid, which the definition in Article 55 bears to the common 
Algebraic definition of proportion. Nevertheless, as the demonstration 
of the propositions, necessary to establish the properties of powers of 
quantities, would by this definition have been rendered tedious : the 
definition in Art. b5, being one in use amongst Algebraists, has been 
adopted, notwithstanding its imperfection as a general definition. 
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(57.) if h be the n* root of a, and d the n''' 
root of c, and c be in length equal to a; then 
shall d be in length equal to b. 

For if not, let one of them, rf, be the greater in 
length. 

Then since d is greater in length than b; (by 
Art. 50.) d* is in length greater than &**; 

But d** = c, and b^ ^ a ; 

therefore c is in length greater than a, which is 
contrary to the hypothesis ; 

therefore d is in length equal to b. 

(58.) Cor. Hence all the n*^ roots of any quan- 
tity a are in length equal to one another. 



(59.) If a, be in length equal to h, bl^ isin length 

m 

equal to b^. 

For, by the preceding Article, 

A^a is in length equal to ^b; 
.'. {^liY" is in length equal to {^b)"^, 

that is, a" is in length equal to &". 

(60.) Ifs,be in length equal ^o b, a' " is in length 

equal to b~". 

For a'" = — , and 6'" = -L; 

a" b~" 

D 
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.-. a~" : ft"'" :: — : _ :: ft" : «• • 



m 



a" 6* 
s^nd by the preceding Article ft" is in length equal to a" ; 



m 



/. a " is in length equal to ft ". 

(61.) Ifh=i ^s,, b has n different values. 

For let a be inclined to unity at an angle = A. 

Then a is also inclined to unity at angles 

=^ A+p. 36o^ 

where p is any whole number, either positive or 
hegativer 

Now in order that ft may be an n^ root of a^ 
it is necessary that ft should be inclined to unity 
at an angle B, such that 

nB = A + p .360° (by Art. 52,); 

' _ A + p. 360^ 

• • jj ■"• — "— — — ^■^■"— — ^-^— , 

n 

For p substitute successively 0, l, 2, &c. 

« - 1, n, w + 1, &c. 
also — 1, - 2, &c. 

The corresponding values of B will be respectively 

A A + 360'' A + 2.36&' ^ 
n n n 
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J + n- 1 . 360° ^ + w.36o° J + n +l. 360P „ 
w w n 

A -360' ^-2.360' 



n n 



, &c. 



But £±!L^" = ^ + 36o«, 



. A + n+ 1 -360' ^ + 360^ ^^ « 

and — ■ = + 36o%- 

n n 

therefore the value of 6^ which is inclined to unity at 
an angle = — ^ is also inclined to unity at an angle 

= — I- 3oO°, or ., 

n n 

and all the values of 6 are in len^h equal to 

one another (by Art. 58.); therefore the value of 

A 

b, which is inclined to unity at an angle = ^^ 

coincides with the value of b which is inclined to 

unity at an angle = • , and therefore is 

equal to it. 

In like manner the value of b which is inclined 

to unity at an angle = , is equal to the 

value of b which is inclined to unity at an angle 



A + n + I . 360^ 
n 



c: 
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., . A - 360" J + n^ 1.366° ,^» 

Also since = ^^ 3oO , 

n n 

and d^Lli^ = A+ir:^.36cf _-^, 
n n 

The value of h^ which is inclined to unity at an 

, A + w - 1 . 360^ . 1 * ^u 1 c 

angle = , 18 equal to the value of 

n 

A — 360^ 
h, which is inclined to unity at an angle = ; 

and the value of 5, which is inclined to unity at 

an angle = , is equal to the value 

of bj which is inclined to unity at an angle 

= ; &c.; 

n 

therefore 6 has fi different values. 



(62.) Def^ If a be inclined to unity at an angle 

xs A^ A being positive and less than 360^ ; a ex- 



presses a considered as inclined to unity at an angle 
a at an angle = -^ + 36oP, 



I 



a == A + 2.360°, 

2 

&c. &c. 

also a ^ A " 36o^ 

-1 



29 
a at an angle = -4 - 2 . sQoP, 

-2 

&c. &c. 

and generally a = -4+ p 36V, 

p 

where p = o, or any whole number, either positive 
or negative. 

Thus i^a expresses that value of ^a^ which 



arises from considering €i^ as inclined to unity at the 

angle = A, ^a expresses that value of ^a which 

I 

arises from, considering a as inclined to unity at 

the angle = -4 + 36o°, and generally s^Ti expresses 

p 

that value of ^a which arises from considering a 
as inclined to unity at the angle = A +p.36o^ 

m 

(63.) /jf /aV = b, b is inclined to unity at an 
angle = — (A + p.36o^). 

For let s^li = c, then c'" = h (by Art. 55.) 

(By Art. 6l, 62.) c is inclined to unity at an angle 

^+p.36o° 

— « 9 

n 

, ^ A + ».36o" ^ 

let = C ; 

n 
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then since b = c"*, b is inclined to unity at an angle 

=.!2.(A + p .360^). 
n 

(64.) Jy /a\*" = b, b is inclined to unity at an 
angle = - — • (A + p-36o"). 



(;) 



n 



and 1 is inclined to unity at an angle = o^ 

at 

and /aV is inclined to unity at an angle 

= "{A+ p. 360") (by Art. 63.) 

therefore b is inclined to unity at an angle 
= - - {A + p. 360") (by Art. 53.) 

= « - . (.4 + » . 360^). 

n ^ ' 



(65.) Cor. In the two preceding Articles if a be 
a positive quantity, A .= 0; therefore 6 is inclined to 

unity at an angle = ± — p.36o^ 

In this case; if /> = 0^ b is inclined to unity at an 
angle =0, that is, is a positive quantity; 
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If p = I, b is inclined to unity at an angle 

= + - 360". 
~ n 



km m 



(66.) (2l\ = /aV, a being a positive quantity. 

For let ^a = ft, and ^b = c, 



then (by Art. 65.) b and c are positive quantities ; 

And a ^b'^y ft = c*, 

/. a = ((*)" = (by Art' 48.) c*~, 

.-. c is a value o( ^a; 
And c is a positive quantity, 



• c* = 






i(rm 



.-. ft- = (^a)*- = («)*• ; 



m 



But ft" = (aV (by Art. 55.) 



Arm m 



■•• (?)'■ = ft) 
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m jg mq ■¥ up 

(67.) /a)" X (aV = (a) "^^ , a fcefwg a positive 
quantity. 



m m^ 



For (by Art. 66.) (a)' = (a)- = (v^a)"' 



"P 



W' = (:r=(^r^ 



m 



.-. (by Art. 44.) (a)' x (a)' = fr/a)"^ 



= (?) 



my -f np 
nq 



m -p mq — np 



(68.) (^Y X (a\ ** = /a\ "^ , a hdng a positive 
quantity. . 

First let mq he greater than np. 



m mq 

in? 



lay X M ' = -!^ = ^J^ = ^^ ?- 

(;)' (?)" (^?) 



np 



= (v'j)""" (by Art. ii.) 



Next let mq he less than np, 



nq 



m — p 



(o)' M?) ' = (y-p--» (by Art. 45.) 
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— y I "y— wtf 






**g — wy 



- (?) ■• 



m p — tnq — ny 



(69.) (a\''" X ^a) ' = (a) "' .a ^^^g « P^««"' 
<ii?e quantity. 



m 



For (o) = X la)'' = ^ x -^ = ^s^ ; 

(?)■• (?)• (?) M?)' 



' TT, (by Art. 67.) 



(?) 



mg 
nq 



— w n—wp 



= (?) "• 

^70 ) i2;i_ — ^aN"-", tohere a ts a positive qttan- 
'0/ 
feV^, an(2 m and n <>tVAer toAoZe or fractional, positive 
or negative. 



(ay 

For 4^ = /or X a)-" 
aV \»l \o) 



(?) 



= /o\»-» (by Art. 67, 68, 6^). 
E 
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mm m 



(71.) /ay X (b)" = i^^y^ ^ ^^^ *^^ positive 
quantities. 

Let ^tf = Cy v^6 = dy then c, d are positive 

0- 

quantities ; 

/. (a^^ X {by ^ c^.dr ^{c.dy^ (by Art. 46.) ; 

Now c" . rf** = a . A, 
.-. (c.d)* =s: ah (by Art. 46.), 
.*. since e, d are positive quantities cd = t^ab\ 







.-. (cd)^ =3 /a6\ " ; 



m 



■••(?)•"(?)• = «)•• 



tn m 



(a)» Cay 
. (Jl%) -^^ = Wi > a 0'"' b *«wff positive quan- 



ft)' 



^dies; 



Let /^a = c, ^6 = d, 



Ml 

Hr = |s = (a) (by Art. 47.) 
And (9" = !, 
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.. c F 

.*. since c, d are positive quantities n = "/tj 



m 



-a^- 



. (?) 

— S( • 



. _ ^ 
• • m 

' 



(?) 



mm tn 



(73.) h\ °.(br° = /a.b\ ", a a«rf b h&mg 
positive quantities. 

For (a\'''.lh\'~' = —JL ^ 



(?) ••(?) 



(;)"■ ■ (») 

1 



(a.h\ 

Vo 0/ 



^ <by Art. 71.^ 



= lab 



{ab\ \ 

Vo 0/ 



m m 



>"' , = < T ?^ , a iw*' b ocmg" positive 



(?) ■ 

dfiuantities. 



For 



1 



(?)" _ 1 _ 

** III Wl I 

(!)"■ (?)'•■(?):"■ f(?i 
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— 5 (by Art. 73.) 




m 




in 



(75.) If /a\" = b, and (hV = c, a being a positive 
quantity; /a\"' -- c. 

For let e = ^a, / = ^e, then e and /are positive 



quantities^ 

a = e" and e =/', 

.-. a =/'*y (by Art. 48.) 
/. since /.is a positive quantity, / = v^a, 



fnp 



.-. /aV' =/«'^; 



Ml 



Again 6 = («)" = ^"5 

and e =/^ 
••. b^fi^^ (/-)^ 
.*. since / is a positive quantity, /"' = ,^h, 
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.-. /-"^ = ^by = c, 



mi 



■■■ (?)■' = "■ 



m 



(76.) ^ (a) •= b. and (bV = c, a beittff a 



mp 



posUtve quantity; /a\ "' = c. 
For let (a]" = e. 



,-. (by = -^ (by Art. 72.) 
^'^ ft)' 



5 



•. c = — J = — ^ (by Art. 75.) 



= W ■' • 



m 



(77.) If /a\" = b, and /b\*^ = c, a fcciwg" a 



^mp 



positive quantity; ('d\ "** = €. 
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For let (by = e. 



(?) 

then e = (a\^ (by Art. 75.), 
and c = (by = _1^ = i = _i^ = (a)-- 



m ^^ Jg 



(78.) If (ar=^ = b, and (b)' = c, a ftemff a 

nap 

positive qtumtity; (ay = c. 

For let (b'y = e, 



MB 



then e = («)'"' (by Art. 76.), 

and c = ^6r' = - = — ^— = M" • 

(79.) If (a\°^ = (br, (a)"^^ = (b\^\ u^Aere a and 

b are positive qunntities, and m, n, k either whole 
or fractional, positive or negative. 

For let c = lay" = (by, 



then c is a positive quantity^ 
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since c = ia\"', /c\* = (a\"* (by Art. 75, f6, 77, 78.) 
also since c = /A^^ ^c\* = (by*; 

■■■ (?)" = (*)"*• 



(80.) If Uy =5 (h\% b =B /a)-, foAere a and b 

ar^ positive quantiiieSf and m and n either whole 
or fractional, positive or negative. 



Stoc. (})" - (.) 



m 



(byl = (a)""<^ (by Art 79) 



or 6 = (aV. 



(?) 



(81.) (l\" X /1\" = (!)■+", toAcre m anc? n ore 
either whole or Jractional, positive or negative. 

For (ly is in length =1, 

and fiy is in length = 1, 

.-. /n** X /1\" is in length = l; 
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Also /!)'*+'* is in length = 1, 
.-. ny X (ly is in length = /n^+»; 

Also (by Art. 65.) since 1 is a positive quantity, 
/l\** is inclined to unity at an angle = m.360^ 

and (lyy at an angle = n.36o^ 

therefore (by Art. 51.) /i)*" x /ly is inclined to 

unity at an angle = m.sGoP + w.36o® = m + n.sGo^; 
Also (by Art. 65.) /l\'*+~ is inclined to unity at an 

angle = m + n. 36o° ; 

.-. (l)*^ X (ly and /l\'"+'* are inclined to unity at 

the same angle ; 
And they have been proved to be equal in length; 

... (!)». X (1). = (,)-». 

i°^-) TTTn = (^V'"} where m and n are either 

(!) ^'' 

whole or fractional, positive or negative. 

(i)- 

^**'' TTr = (ir-(l)"" = (})""" ^^y ^'^- ®*)- 
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(83.) /l\"" = /l\"'^ where m is eHher whale or 
fractional^ positive or negative. 

For (by Art. 65.) /l^'* is inclined to unity at 
an angle = mp^sGcfi, 

And (by same Art.) (1\^p is inclined to unity 
at the same angle^ 



(W.) /ar = Ya]~i n\\ where m is eit heir whole 
or fractional^ positive or negative. 

For /1\** is in length *= 1, 

• • («)"*•(!)'" is in length = (a)*"; 
And (a\'^ is in length = (a)**; 
.'. /a)** is in length = (fl)*". /U*"; 

Let a be inclined to unity at an angle = ^, 
A being positive and less than 36o^ 

tfaen?/a^''' is inelined to unity: at an angle ^^A^ 
and /!)"• : =im/r;36o<^j 

:. (dYi^Y =m-4^w/>-36o*^m(:;f +p.36b^; 

Also {ay -m(^+p.36o°); 



F 
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(85.) Any quantity a may be expressed in the 
form b /1\^ where b is a positive quantity, and n 

positive an4 less than unity. 

For let h be in length =» a, and let a be inclined 
to unity at an angle ^ A, A being positive and less 
than 36o\ 

Take n = 771T5 , then n is positive and less than 
unity, 

And (by Art. 66.) l\Y is inclined to unjty at 
an angle = n.36o^ 

/. b i\Y is inclined to unity at an angle = A, that 
is^ at the same angle that a is inclined to unity; 
And 6 /I V is in length equal to a\ 

... h (1)» = a. 

(86.) Ijr a = b /!)% wAcrc b t8 a positive quantity^ 
and n positive and less than 1; (^)"'= (^°'* (M 

where m may be either whole or fractional, positive 
or negative. 

For let a be inclined to unity at an angle = A, 
A being positive and less than 36o^, 



mn 

9 
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Then (by preceding Article) 

A 



= n, ox A — n.sGo"; 



360' 

r 

(ay is inclined to unity at an angle =s mA\ 

And /n**" =mn.36o = mJ, 

.*. since 6 is a positive quantity, 
/6\*" /r\""* is inclined to unity at an angle = mA; 

And since 6 is in length == a, 
fhy.ny is in length = (ay; 

(87.) ^a = b /1\°, where b is a positive quantity, 

and n positive and less than unity; (ay = (by . (l\ 

where m may be either whole or fractional^ positive 
or negative. 

For (ay = (ay. ny (by Art. 84.) 

= (M-?. (1)"-. (1\" (by Art. 86.) 

= »■■(:)■•(:)" 



mn 
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(88.) /aJ-./arss /aN"*", where m, n may be 
either whole or fractional, positive or negatioe. 

For let a = h liY, where 2* is a positive quantity, 
and k positive and less than 1, 



then (aV = (b 



«" = ()"•(!) 



mk 



and (a)" =(*)". (.)■..{.)"; 



«"■(?)"= (j)"(*)"-(!r-(:r-(ir-(!)' 



= (6r+"./i\'»+»i>./n5:n^"(Art.67,68.69,8l.) 



= (a)-". 

(a\» 
(89) 7% = IfnY'", where m and n are either 

(p) ^"^ 

tD^o/e or fractional, positive or negative. 

lay 

For Y^k = («)'"• («)"" = («)""" (by Art. 88). 

* p/ 
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(90.) (a)- 



1. 



For iay^" = ^»^ 



m 



Let m =: Uy 

(91.) i/' a.b := c, and a ^6 inclined to unity 
at an angle = A, and b af an angle = B; A and 
B being positive and tees than 36o^; 

. (a)"" • /b)*" = (c\~ if A ^B be less than 36o^ 

= /c\", if A + B be greater than 36o^ 

where m may be either whole or fractional, positive 
or negative. 

For let a he in length = e, and 6 be in length 
= /; e and y being positive quantities; 

.'. c is in length = e.f; 

.'. (cy or (cy is in length = (e .A"" ; 

And (ay. (by is in length = iey . Ify 

== (e./)- (by Art. 71, 73); 
/. Cay. (by is in length equal to Icyov Uy ; 
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w 

Also /aY is inclined to unity at an angle = m^, 

fby =^mB; 

.'. (ay. (by ; :=:mA + mB 

=:m.{A + B); 
Again '.' c = a . 6, c is inclined to unity at an angle ^A-^B, 

,-. \i A'\'B be less than 360®, c represents c considered 



as inclined to unity at the angle = ^4 + JB ; 
.'. IcY is inclined to unity at an angle = m \A + B) ; 

.-. when A-\-B \9 less than 36o", lay. (by = /c)"; 

9 

But if ^ + JB be greater than 36o° ; since A + B 

is less than 2.36o°, c represents e considered as 

1 

inclined to unity at the angle =i A + B; 
.\ (cy is inclined to unity at an angle = m .{A-^B); 

.-. in this case («)*". (6)*** = (cy. 

(92.) ^ a . b = c, and a be inclined to unity at 
an angle = A, and b at an angle = B, A and B 
being positive and less than 36o° ; 
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/a\~ . rby = ( c r, if A + B be less than 36(f, 



= / c \°*, .greater 

Vp+q+i/ 



where m may be either whole or fractional^ positive 
or negative. 

For («)-=(„)-. (I)- =(«)-.(.)■', 



(cy . 1 1 \«F+i, if ^ + jB be less than 36o^ 

by Art, 91. 
= (c\*" . /l\"»i^, greater. . 

= / c r, if ^ + J5 be less than 36o^ 



= / c \'", greater 



. • • • • • 



a 



(93.) /jT r = c, and a &6 inclined to unity at 

cm angle == A, and b at an angle = B ; A and B 
being positive and less than 36o®; 
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TtL = (c)"» '/ A be greater 



than B 



= {-',) 



m 



less. 



where m may fte either whole or fractional^ positive 
or negative. 

For since t =s c. A.c = a/ 





.'. /i)**./c\*" is equal in length to (0^, 

(ay 

.'. jj-^ is equal in length to fey or (cy; 

Now (ay is inclined to unity at an angle ^ mA, 
(by ^mB, 



: (?) 



m 



mA — mB 



(?)" 

^m{A-^ B); 



a 



Again *.' c = ? , c is inclined to unity at an angle = A- B, 

And if A be greater than B, A- B is po&iJtive; 
and it is also less than sGo^^ since A, B are each 
less than 36o%* 



49 
therefore in this case c represents c considered as 



inclined to unity at the angle = A-^B; 
.\ /c\'" is inclined to unity at an angle =;= w(-4— J5) ; 

(ay 
.-. when A is greater than B, 44t— = (^Y'- 

But if A be less than B, A — B is negative ; 



therefore in this case c represents c considered as 

—1 

inclined iQ unity at the angle A — B; 
.*. / c \^ is inclined to unity at an angle ~ m{A^B); 

/.when A is less than JB, ijrt: => (c\*". 



(J) 



(94.) Cor. Hence i/* - = c. 



— ^ = /c\°', if h be a positive quantity^ 



(?) 



= (cy^ if h be not a positive quantity 



For putting a = 1, in the preceding Article, A^O, 
' and if fc be a positive quantity, fi = 0; 

\\ A -- B =i6; ,■ 



G 
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(1)- 

But if b be not a positive quantity, ^ - J? = O - B, 
.'. A'-B is negative; 

1 



•*• (J)- " (^T' 



(95.) //* r = c, and a 5e inclined to unity at 

an angle = A, and b, af an ang*/e =6; A^ B 
being positive and less than 36o^; 

^p ' — / /» \w" ♦/* A hfi ap«*/w/p«* than B. 



)^ = f c \'", */ A fte greater 



= ( c y 

\p-q-i' 



°*, less, 

^p-q- 



tr^ere m way be either whole or fractional, positive 
or negatioe* 

laY (ayjlY^ laY 

(*)" (5)"-{!)" (5)" *■' 

= /cX** . Yl\««-?^, if -4 be greater than B^\ 

_ f (by Art. 93.) 

= /c\**./l\»»p-«, less ,J 
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= / c X", if ^ be greater than B, 
= ( c ) 



"•, less. 



{96.) Cob. Hence, if r = c, 



-jT^ = /c^"*, if 6 be a positive quantity, 

= / c \**, if J be not a positive quantity. 



m km 



(97.) (ay = (aV", where ni, n, k are whole 
numbers. 

For let c be a positive quantity equal in length 
to a; 

then /c\" is in length = /a^" (by Art. 59.) 

km km 

and ^'•'^*" - ''•^*" 



(r =w 



m km 



But /c)" = (c\^ (by Art. 66)^ 



km 



.\ lay is in length = /aV" ; 

Let a be inclined to unity at an angle = A, 
A being positive and less than 36o^ 



m, 



then laV is inclined to unity at an angle == — (-4 +p.36o^), 

and /a)^ = ^(^+;>.36o») 

=^^(^4.»36o»); 






•• (;)" ■= (?) 



(98.) ^ a"* = b, and b" = c; c is in length 
= a""° ; where m, n TWfl'y 6e eiVAer whole or frac- 
tional, positive or negative. 

For let e be a positive quantity in length = a; 
then (eY is in length = a*" = 6 ; 

/. c is in length = /e\^" (by Art 75, 76, 77, 78.) 

But (eY"" is in length = «*% 

since e is length = a; 
.•. c is in length — a*"". 

(99.) Let /a\^ = b, awrf /b\" = c, where t , — 
are fractions in their lowest terms ; to investigate 

km 

in what cases c is a value of ^l^"" . 



km 



(By Art. 98.) c is in length =5 a'"; 
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A: IN 



therefore if any value of a'" be inclined to unity at 

km 

the same angle that c is^ that value of a'" is eiqual 
to c; 

km km 

Assume /aV" to be such a value of a'", 

and let a be inclined to unity at an ang-le = Jl, 
A being positive and less than 36o°, 



km 



then (aV* is inclined to unity at an angle 



^(^ + x.360«); 



K 

Also since IdV =^ b, b is inclined to unity at an angle 



Let J (A + p. 360') = B +r. 36o^ where B is 

jpositive and less than 36o\ and r = 0, or some 
whole number^ either positive^ or negative. 



• • 1 • 



•.• fby = c, c is inclined to unity at an angle 



n ^ ^ 



i 
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But B = ^ (^ + p .360O) - r.36o», 



.'. c is inclined to unity at an angle 



But /aV** is inclined to unity at an angle 

In ^ 



kwk 



.*. since /aV" is inclined to qnity at the same angle 
that c is, 

^ (^ + « . 360") + j^ . 360" 

= ^.M + p.36o°)+^(y-r)36o«, 

where y must either = O, or some whole number, 
either positive, or negative; 

.-. ^.j;.36o°+^.36o» 

= ^^\;,. 3600 + ^.(^-0360", 
In n ' 
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.'. kmx + Iny = kmp + Im (q-r), 
/. kx + In^ =s kp + I (a-r): 

In which equation^ that x may be a whole number, 
it is necessary that y should either = 0^ or some 
multiple of m; let 3^ = ?n2, 

then kx + Inz ^ kp + I {q - r), 

where if k be prime to In, integer values of x and 
z can always be founds which will satisfy the con-* 
ditions of the equation, 

but by the hypothesis k is prime to I, 
.\ whenever k is prime to n, k is also prime to In, 



km 



.•. whenever k is prime to n, c is b. value of a'". 

If Ar be not prime to n, 
let e be the greatest common measure of k andn, 

and let k = ef, n = eff, 
then ej*x + legz = efp + l{q- r). 



56 

the conditions of which equation cannot be satisfied 

l(q — y\ 
by integer values of x and s, unless -^ = 0, 

or some whole number^ either positive, or negative; 

• I (q "~ v) 

And -^ cannot = O, unless 7 — r = O, 

Also since I is prime to A:, / is prime to e a part of k, 

.-. -^ cannot = a whole number, unless a — r 

be a multiple of 6; 

.•. if A: be not prime to w, c is not a value of clF^ 
unless, either q ^ r = o, or the greatest common 
measure of A: and n be also a measure of q^r. 

(100.) Cor. 1. It will appear from a sitnilar 

k m 

investigation, if (a\ ' = 6,, and (ft) " = c, that c is 

km 

a value of a'", whenever A: is prime to n; and that 



ktn 



when k is not prime to w, c is not a value of a'*, 

r 

unless either gr — r = 0, or the greatest common 
measure of A: and n be also a measure of q — r ; 



k m 

7 



also that if (a\ = h, and IbV = c, or (ay = b, 



km 



and (h\ " = c, c is a value of a '" in the same 



9 
cases. 
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(101.) Cor. 2. Let iaV =: b, and let a be in- 
clined to unity at an angle == A, A being positive and 
less than 36o^ and let B + 9.360** ^ s{A +jt).36o®), 
where B is positive and less than 36o^^ and q^O 
or some whole number either positive or negative^ 
and let lh\* = c, and let 8 and t be either whole 

or fractional^ positive or negative; then faV* = c. 

First let 8 and t be both positive whole numbers^ 

then c = «•' (by Art. 48), 
also a** has no other value different from c (by Art. 43.) 



■ (;)■' = 



= C. 



Next let 8 and t be both positive, but one or both 

fractions, 

J . km 

Let s = 7 , < = — , 

then B +q.36o' = j.{A+p.36o'); 

But jB + r.36o° = J (^+p36o«) (by Art. 99), 

.-. g =^ r, or ^f - r = 0; 
••. the equation Ara: + Inz = kp + liq-^r) (in Art. 99) 
becomes kx + Inz = kp ; 
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where if we make 2 = 0, and a?=p, the conditions 
of the equation are answered; 

••• ' = {?f = &'■ 

Next let 8 be negative and t positive, or $ positive 
and t negative, or both $ and t negative. 

These cases may be demonstrated by means of 
Art. 100, in the same manner that the preceding 
case was demonstrated by means of Art. 99; there- 
fore whether s and t be whole or fractional, positive 

or negative, 

c = («)•■. 

« 

(102.) If /a\" = b, where m is either whole or 

fractional, positive or negative, and a be inclined to 
unity at an angle = A, A being positive and less 
than 360^, and m . (A + p.36o°) = B + q.36o^ where 
B is positive and less than 36o®, and q = 0, or 
some whole number, either positive or negative; 

then /b\" = a. 



1 
For let Ib^ = c. 
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then c = (ay (by Art; 101-) 



1 



()■ 



(103.) If c be a value of a^ an(2 a/^o a value 

- k TD 

ijf b" , u'Aere j , — are fractions in their lamest 
terms; then if k he prime to m, h is a value of 



a** 



For since c is a value of b' , 6 is a value of 

iT (by Art. 102,) 

ft* 
/. since k is prime m, 6 is a value of cl^ (by Art, 99). 

(104.) Cor. In like manner it may be proved^ 
if c be a value of a ^ and also a value of 6" , where 

•J-, — are fractions in their lowest terms; that, if k 
I n 

be prime to m, 6 is a value of a ^. 

, (105.) The values of the square root of -- I 
are inclined to unity at angles = 90® and 270®. 

For (by Art. ol.) v — 1 has two values^ 
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viz. (-1)*, and /-l\*; 

Now — 1 is inclined to unity at an angle = 1 80", 
.-. i-iy =i(180'')=90*, 

and (-1)* =f (180^360°) 

= 270^ 

(106.) //" /— 1\* be represented by + ^ — 1, 
/- 1\* will be represented by — ,,;/— 1. 

For by the preceding Article 
/ — l\i is inclined to unity at an angle = 90^ 

(-1)* =270^ 

/. (-1)* is inclined to /-l\* at an angle 

= 270^-90®= 180°; 
/. since ( - l)^ is represented by + \/ - 1* 



/— l\i will be represented by - xZ-HT (by Art. 8). 
(107.) The values of 1* are 1, +xA^, - 1, 

For ny = 1, 
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/l\i is inclined to unity at an angle s 



n*. 



(I) 



360' 

4 
2.360" 



= 90°, 



= 180". 



1\* 



(!) 



3.360" 



= 270"; 



But^-i = 90", 

-1 = 180", 






= 270" ; 



.-. (,)..i,(i)»-,^,, (■).=-,, (,).=_v^. 



(108.) 



(!)-* = - V~' 



For (by Art. 65.) 



/l\~* is inclined to unity at an angle = — 1^360", 



and a\* =l36o" 



(I) 



=36o''-i36o». 



.*. (l)~* coincides with /lU, 
•*• (1)"*='"'^^ (by Art. 107) 
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(109.) Any quantity may be expr^essed in the form 
± a ± b^y — 1, where a, b are positwe quantities. 




Let A be the origin, and AB = unity ; 

Prom centre A with radius AB describe circle 
BCDE, and produce BA to D, and draw EAC 
perpendicular to DB; 

Let BC be the direction in which positive angles 
are measured^ 

then AC^J^l, ^/)=-i, AE^--,/^; 

Let c be the given quantity; 

Draw AF = c, and draw FG perpendicular to 
DA, and FfiT perpendicular to AC; 

Since AGFH is a parallelogram^ 

AF:=AG + AH (by Art. 3.) 
or c = ^G + AH; 
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Let a be a positive quantity in length = AG, 
b = AH; 

Then AB : a :: AD : AG, 
or 1 : a :: — 1 : AG, 

.'. AG = a X — 1 = — a; 

And AB : b :: AC : AH, 

or I : b :: ^-1 : AH, 

.-. AH = bJ'^; 

.'. c = - a + b ^ -\ ; 

In like manner it may be proved in any other case. 

(110.) Cor. 1. Let c be inclined to unity at an 
angle ^ C, C being positive and less than 36o^; 

Then if C be less than 90^ 

c is of the form +a +b ,y — i ; 
if C be greater than 90® and less than 180^ 

c is of the form — a + b ^/—l; 
if Cbe greater than 180** and less than 270^ 

c is of the form - a - h a/ — 1; 
if C be greater than 270^ 

c is of the form + a — 6 >/ — 1 ; 
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(111.) Cor. 2. Hence if c = e/l\^ e being a 
positive quantity, and n positive and less than I ; 

Then if n be less than \, 

c is of the form + a + i x/ — 1 ; 
if n be greater than ^ and less than \y 

c is of the form — a + 6 ^ - 1 ; 
if n be greater than ^ and less than f , 

c is of the form — a — 6 \/ — I ; 
if n be greater than f , 

c is of the form + a - 6^—1. 

(112.) Cor. 3. When n is less than ^, 
as n increases, -< increases; and conversely; 

when n is greater than ^ and less than ^, 
as » increases, - decreaaes; and conversely; 

when n is greater than ^ and less than f , 
as n increases, - increases; and conversely; 
when n is greater than f , 
as n increases, - decreases; and conversely. 
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1 

(113.) To express the values of I ^ in the form 
± a ± h\/ - 1, where a, b are positive qtuxntities. 

The values of 

'* '" (ir- (!)'• (!)'■ (I)'- (!)*• (1)'; 

of which ny =r 1; 

And since g is less than \, 

{ly is of the form a + b ^J"^ ; 

(1)'- (If = (!)*' 

«\ since ^ is greater than ^ and less than j^ 

1 
(\y is of the form — a + i^ — i ; 



^ — 



(!) - (1) = (1) = 



-1; 



(1) =(1) -(!)• 

since § is greater than \ and less than |, 

1 

l\y is of the form —a, -ft /TTi- 

(1)' = (!)'• 

i 
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/. since | is greater than | ^ 
(l\^ is of the form + a - i^— i; 



II 
1 



Let 1 = Xy 



then x^ = 1^ or a?^ - 1 = o. 

From the solution of this equation we obtain 
the following values of a?; 

1> -i-^ n/^. -i+^V^. 



-l,i + ^ 



-1,*- 



x/^ 



2 



v^; 






(!)' = 



-++^y^. 



=-1, 
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(114.) ^a + b (1)° + c ny s= f (l^^ and a, b, 
c, f be posdifoe quantiiies, 

• + " iir + ' oj = f a.)'- 

Let A be the origin, and AB = a. 

From jB draw BC parallel and equal in length 
to the line which represents b (1)^9 and from C 

draw CD parallel and equal in length to the line 
which represents c fl\\ and join AD; 

AD =^a + b /1\"» + c fiy (by Art. 7.) 

On the other side of AB draw BC making angle 
JBC = ABC and make BC in length » BC, 




In like manner make angle BC'U = angle BCD, 
and CD in length = CD, 

■ 

Join AD', 
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Since BC is equal in length to BC^ and angle 
ABC equal to ABCy but in the opposite direction, 
and BC parallel and equal in length to the line 
which represents b (l)**; BO will be parallel and 

equal in length to the line which represents b fl\^; 

In like manner Oiy is parallel and equal in length 
to jthe line which represents c ( 1 )'* ; 

.-. AD' = a + ft / 1 \"* + c / n«; 

But since figures ABCD, ABCU are similar and 
equals AU is equal in length to ADy and angle 
BAiy equal to BAD, but in the opposite direction^ 

.\ since AD ^/(^Y^ AD^ ^fnV; 



.\ a 4- 6 



(_lJ« + c(_lJ-=/(_lJ 



(116.) ^a + b(i)» + c(l\» = f(n', and a, b, 
c, f be either posUive or negatiioe quantities; 

^ ^ ^ (IT -^ ' (IX = ' (11 

For let one of the quantities b be negative, let 

6 = ~ gr; 

then a - g fiy + c liy =//i\f ; 
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Now -g = ff (J)** 

.: «+^(l)'"+» + c(n"=/(lV (by Art. 114.) 
But g (jJ-'+J = g (1 )* . (1 )«• = -g (J )"•, 

or a + i/l)*" + c(n'» =//l)^; 

In like manner it may be proved if any other 
of the quantities be negative. 

(116.) ^ a + b (n°' + c (^ly = f (l\P, and a, b, 
c^ f^ be either positive or negative quantities. 



.+b(l)- + c(J)- = f(lj 



-p 



For a + i ( 1 )" + c ( 1 )» =/( l )' (by Art. 115.) 



^"'^ (IT = (1) 



— »» 



,•.« + «(.)- + c(.)-=/(.) 



-p 
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(117.) (T a + b.y3T + c(l)° = f(l)', and a, 
b, c, f be either positive or negative quantities, 

a-byZT + c(l)-=f(l)-. 

For + ,/^i = ([)> (by Art. 107.) 

•■•'■ + * (D* + "(!)" --^(l)'' 

I 

.'. a + 6(1)-* + c(l\-» =/(n-/'; 
But (1)-* = ~ y^T (by Art. 108.) 



.-. a-iyTT + c(l)-»=/(l) 



-P 



(118.) /jf a + b V^ = e + f ^/"^, awd a, b, 
e^ f^ £e either positive or negative quantities; a = e 

and b = f . 

For since a + 6 ^— l = c +f\/ - 1^ 

a - * ^/^ = e -/.yii; (by Art. 117.) 
/. by addition and subtraction^ 

and 26 y^ = 2/y^; 
.'. a = e^ 
and 6 =y! 
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(119.) Ijr a = ± b ± c>y-l, where b and c arc. 
positive quantities^ a imM 6e in length = ^/b* + c*. 

For let a = c /l^^ where c is a positive quantity. 



then c /1\'* = ± i ± c .JZTi 



:. e i\y = ± i + cyrri (by Art. 117.) 

.*. by multiplication^ 
c« = 6^ + c*. 



.*. a is in length = ^Jb^ + c*. 

(120.) Let a = b /1\", i(?Aerc h is a positive 

quantity y and n positive and less than l ; then if 
n ie either not greater than ^, or not less than f , 
a + 1 i^ greater in length than 1. 

For since a ^ b llY, and n is either not greater 

than i or not less than f , a is of the form e ±y^— 1 
(by Art. Ill), where c = 0, or some positive quan- 
tity, and y is a positive quantity; 
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.". a + I is in length equal to ^ (1 +ey +/*; 
.-. a + 1 is in length greater than 1. 

(121.) Let a = b/l\", where h is a positive 

qnantity^ and n not less than \ and not greater 
than f ; then a — 1 is in length greater than 1. 



For a is of the form — e ± f^ — 1 (by Art. Ill), 
where e and y either = 0, or are positive quantities; 



.'. a-l = -l-c ±fs/'-l> 

.'. flf — 1 is in length equal to \/ (1 + e)' +/*; 

.-. a - 1 is in length greater than 1. 

(122.) Let a = b /l\°, where b is a positive 
quantity^ and n positive and less than 1 ; then if n 

be either less than x, or greater than 4, — ^^ is in 

^ ^ ^ a-i-1 

length less than I ; but if n be greater than ^, and 

a — 1 
less than f, is in length greater than 1. 

First let n be either less than j^ or greater 
than f ; 



IS 

' Then a is 6f the form is ± f^—l , where c 
and y are positive quantities ; 

.•. a—\ is in length equal to \/(c— 1)* +^', 
iind 4+1 ........: ; N/(^+ir+/V 

■ «+i " x/(c+ir+/*' 

.'. is in lenfi:th less than I. 

a + 1 ^ 

Next let n be greater than \^ and less than |:, 

Then a is of the form - e ± f^/- 1, 



. ^Lzi is in length equal to V^ (^+0'+/^ . 
. is in length greater than 1. 



< • 



(123.) llY 4- /n""** ts equal to a positive quantity y 

when n is positiot and less than ^^ . 

For if « be positi?e and less than ^, (ly is of 

the form a + b \J — \, where a and h are positive 
quantities^ 

••• (Jj'r^^-^-s/^ (by Art. 117), 

• ■ ■ ■ Y 

•••(ir +(!)■"="■ , :.;: 

K 
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(124.) Let a = b (l\" and a + l = c/l\^ where 

b and c are positive quantities, and m and p positive 
and less than I ; 

Then if m he less than \, p wUl he less than m, 
greater , greater 

First let m be less than ^, 




And let AB = unity, AC = a, and let the paral- 
lelogram ABDC be completed, and the diagonal AD 
be drawn ; 

Then AD := a+ \ ^c/lV; 



.-. angle BAD = p.36()%- 
and angle BAC z=:m .360^; 
.\ p is less than m. 

Next let m be greater than ^, 

The same construction being made, AC falls on 
the other side of AB; 
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.-. angle BAD = i -p.36o\ 



BAC= l-m.36of; 




'. 1— m is greater than l—p; 
.'. p is greater than m. 



^ ■ « 



'i t 



CHAP. HI. 



SINOMIAL THEOREM^ EXPANSION OF a' IN A SERIES 
ARRANGED ACCORDING TO THE POWERS OF X, 
DIFFERENTIATION OF fl*. 

(125.) If a = 1 + b, H i% proved in the bino- 
mial theorem that 



a~ = 1 + mb + , ^ b' + — -— b' + &c. 

which is a converging series when b is in length 
less than unity; 

m 

Now if m be not a whole number, a"" has many 
values; 

To investigate which of the values of b!^ is 
represented by the series 



, , m.m— I,, . m.in — l.m — 3,- ^ 



First let a be a positive quantity, 

then lay is also a positive quantity; 
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.\ fa\^ is that value of a*^ which is represented by the 



series 



1 + m6 + — ^ 6* + &c. 

1 .2 

Next let a = c/l\% where c is a positive quantity 
and n positive and less than ^; 

When 6=0, the series 



I + mb + tr + &c. = 1 ; 

/. when J = o, that value of a"^ which is represented 



I * ' 



by 1 + mh H 6* + &c. must ^^ 1 ; 



' But 1 is inclined to unity at an angle s=0; 

/. when ft = 0, that value of a^ which is represented 

fit 171 *"" 1 

bv I + mb -\ — - — 6* + &c. must be inclined to 

^ 1.3 

ynity at an ^ngle = 0; 



Now (by Art. 86) (a^ = (c)*" . (l) 






/• (a)^ is inclined to unity at an angle s mn.36o 







And a is of the form e 4-/v--l (by Art. Ill), 
where e and / are positive quantities, ' 
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,*. as h decreases^ e approaches to 1 and ^ to O, 

f 

/. ^ decreases. 
e 

.'. (by Art. 113.) n decreases^ 
And when 6 = 0, y*= 0, and e :* 1, 



/ 



.-. mn36o° = 0. 



/. when 6=0^ lay is inclined to unity at an angle =0; 



/. la\^ is that value of «•" which = 1 + mfr H — \ V + Ac. 



fw,m— 1 



Next let n be not less than \ and not greater 
ttiart I; 

In this case, since 6 = a — 1, b is always fh' 
length greater than 1 (by Art. 121.) 



.'. the series 1 + tnh + — \ l^ + &c. is ndt «& 

converging series^- and therefore it does not represent 
any value of n**. 



^ % 



'•■ - v 
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Next let n be greater than f and less than 1 ; 



Then a is of the form c — />>/ — i. 
And J = e - 1 -/^~ ; 

/. as 6 decreases^ ^ defreases^ 
•*. (by Art. 112.) n increases^ 



And when b 



Now /a\"* = /a 



= O, ^ = 0, and n = 1 ; 



-•m 



-(j)"(ir-(!r 
= (;)"(ir""" . 

.'. ((^y is inclined to unity at an angle 



= m.fi-1 .360°; 



But when J = 0, w = 1 ; /. m . « - 1 . 36o° = 0^ 
/. when J = 0, /a\** is inclined to unity at an angle = O; 

.•.•in this case («.)'^ is that value of a** which ' 



1 + mb + • 6' + &c, 

1 .2 
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(126L) Let a = c fl)% where c (s" a positive 

quantify, and n pasitwe and less thau l^' and let 
a - 1 = b^ where b is in length less than unity; 

Then, if n be less than ^, 



(.)-=(l).-.{.+™b+2^b< + *c.}; 



If n be greater than f , 



(a)" = (i)p+t.«.{i + mb + '"•^"*"'' b» +'&c.} . 

First let n be less than ^; 
Then (by Art. 125), 



(ay = 1 + mft + ^'^ V 6»M- &c, 

\o / 1.2 



»"*er=(;r'W"=(;r'«r^ 



.-. (ay = (I)"'" . {l + mb + "»-^*»-' y + &c.J 



Next let n be greater than f , 



(By Art. 125), (ay=l+mb + ^'^^ V ^ + Ac. 



•.(«)'^.(ip=l+m6 + 2i^li^ + &c. 
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•••(?r=(ir{'^""+'^''*M' 

(127.) Let 1 + Ax + Bx* + Cx* he a series 
mieh that 

(1 + Ax + Bx* + Ac.) . (1 + Ay + By* + &c.) 

= 1 + A . (x + y) + B (x + y)* + &c. 

tohateoer be the values of x and y ; 

To Jind the law of the series. 

By multiplication, 

{\ + Ax + Ba? + &a) . (l + Ay + By^ + &c.) = 

1 + ^« + -Bar* + Ca!* + &c. 
+ Ay + J*xy + ABa^y + &c. 
+ Bf + ABxy' + &c. 
+ €2/" + &c. 

And by expansion^ 

1 + -<4 (x +^) + JB (x + j^)* + &c. = 

1 + f Ax^ + c Bn? ^ + r Cx? '\ ■\- &c> 
\-^Ay] \ + 2Bxy\ X+aCx^y 

J l+3Ca;y 

L 




S2 

/. equating the coefficients of the combinations of 
the like powers of x and y, 

' 3 2.3 

.\ 1 + Ax + - — + — — - + &c. is a series such that 

1.2 1.2.3 

(l + ^^ + ^' + &c.) .(l +^j^ + ^' + &c.) 

1 a <« 

whatever be the values of x, y, or A. 

(128.) Let a = c /i\^ where c is a positive 

quantity f and n positive and less than 1^ and let 
a — 1 be in length less than unity ^ and A = (a - 1 ) 

-i(a-ir+i(a-ir-&c. 

Then if n be less than ^, 



If njbe greater than f, 

A*Y* A^r^ 
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FV>r it is proved in the Appendix to Woodbpuse's 
Trigonometry, that 

And the proof given by Woodhouse depends upon 
the binomial theorem; 

.'. (by Art. 125.) If n be less than \^ 
If n be greater than f , 



(129.) To express (iV in a series of the form 
a + bx + ex* + &c. 

Let i\Y = a + 6^ H- CJ7* + &c. 

Let a? = 0, then /iV = a, 

.*. 1 = « ; 

.-. nV = 1 + 6.r -f car* + &c. 

Now (;).,(;)»=(.)-; 
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/. 1 + 6a? + CA?' + &c. is a series such that 

{I +bx + ex" + &c.) . (1 + 6y + cy* + &c.) 
= 1 + b .(x + y) -{- c {x + t/Y + &c. 

6* « 
/. (by Art. 127.) c = -5:, &c. 



.-. /i\* = 1 + 6a: + T-:; + &c. 



6V 
1 .2 



To find the value of 6, 



Since J? may be any value, let x be positive and 
less than ^; 

And let /iy = l±^, 

Vi/ 1 — a 

Also let /iV'' = A:, l+a=5W, 1— a = «, 

- then — = At ; 

and a = V^^ . where since x is positive and less 

(lV + 1 *^ 

than ^^ a is in length less than unity (by Art. 122), 



1 



/iV-l 2(lY 2 (l\ 

and m = 1 + ili = - ,^'' = — j-lli _; 
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Let — ; -.=g, 

(l)'M!) 

then ^ is a positive quantity (by Art. 133.) 



.'. m is inclined to unity at an angle = ~ 360", 



n. .....:... =(l-|).360»; 

X X 

And 1 — - is greater than - , since x is less than ^, 



" /ArX' = V / _ V / . 

•■^"'"(?)'-(ir "(!■,)" 

But k = (IV, 

.'. since x is positive and less than I, 
(kV =(!)"' (by Art. 86.) 
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(my 



(-"■) 

Since m :9: g ny , and - is positive and l^sa than ^ 

(my ^1+My + — |- + &c. <by Art. 128), 
where J/=(m-l) - x(m-l)* + i(wi-l)^ - &c. 



1— ? , X . 



And since n = g (l\ *, and 1 — - is greater than 
f and less than 1, 

/nyy =z I -^Ny -^ — ^ - &c. (by Art. 128), 
where iV=(n-l) - ^(n-lf + ^(n-lf - &c. 
.-. (l)-=(l+7t/j^+:^* + &c.).(l-% + ^*-&c.) 

= 1 + (M- iV)y + ^^7 ^^*'^ - + &c. (by Art. 127.) 

.•. 1 + bxj/ + - ^ + &c. 

,'. bx =s M-N, . ^ 



87 



Now m=l4-a, W=l— a. 



,'. m— -1=0, n— 1 = — a; 



. M = 






JV = _ „_|a» - la' _ \a*-\a' - &C. 



1 a . 1 5 



.-. M-N=: 2 {a ;|-ia'+ia* + &C.} 






Let ^ = gj 



Then /l\' 



(!) 



i^i^4.\fn 



(by Aft. 113.) 



• • 



o = 






= (n/3 + v^^ ) y^ ^ v/^ . 

3 +y3.y^ ^3 ' 
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•^ " (ti - ^ (75)' * :- (75)' - *'•} = '' 

then b = c>y/ — 1, where c is a positive quantity; 
(130.) Cor. l- (»)' 



P»' ('.)■ = (!) 



« ^» «,2 •^J ^3 ^3 



/ p'c^x p'Cx r— o 



(1310 Cor. 2. If a be a positive quantity 

\p / 1*2 

1.2.3 

^here ^ = 2 {^ + i (^y + 1 (|^y + &c.} . 

For by the Appendix to Woodhouse's Trigono- 
metry, 
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I. a 1 .3.3 



taV = 1 + ^a; + ^f-^ + -P-^ + &c. 



where A = 2\^^^\(^^\ ("^ + &c.| 



^*«^ 



1 • ^ 



(132.) Let a = b /l^^ where h is a positivi 
quantity/, and p positive and less than 1 ; 
7%en if p be less than ^, 

TAew if p be greater than f , 

/a\* = 1 + Ax -f — — + &c. 



1 +e 

For let a = , and let I + e = m, 1 - e = w, 

1 — e 

M 
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then e = -, m = -, n = 



a + l ' a + 1' a + 1' 

Let a + l =y/l\*, where y* is a positive quantity^ 
and q positive and less than 1^ 

2h(^Y oh 

First let p be less than ^, 

Then q is less than p (by Art. 1 24), 

*\ p — q is positive and less than \j and 1 - ^ is 
greater than f and less than 1 ; 



Also m is inclined to unity at an angle = p-q. 36o°, 



n = 1-^.360^ 

And p- q is less than l—q, 



m\ 



•'• (-J " )^' (''^ '^'^- ^^-^ 



or 






« 
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(mV (mV 

.-, (aV = — liL4 = \±L = (mV. In \-' 

u) (mV lY nV \J LJ 



("^ycj te) 



M*^ 



= (l + Mx + — — + &c.j . 

(N*x* \ 

1 - iVa? + —- - &c.\ (by Art. 128.) 

where M - (m-i) — f (m-l)* +i(m-l)'- &c. 
N = {n-\) - i(n-l)*+i(n-l)»- &c. 

.-. laV = 1 + (Af-JV)x + i — —^ — + &c. 

But m = \+e, nssl—e; 
/. M = e - i c* + i c* - J c* + 1 c* - &c. 

iV= - c - I e* - 1 e* - J e* - ie* - &c. 

.-. il/- iV = 2 {e + 5 c« + 1 e* + &c.} 



/ay = I + ^a? + ^V^ + &c. 



1 .2 



which is a converging series (by Art. 122). 



92 

Next let p be greater than f. 

Then q is greater than p (by Art. 124.) 

/. p — q is negative and between - ^ and O ; 

But m« y •(!/""'= T*i\V^^' 

where 1 -{• p— q is between f and 1 ; 
Also 1 — 5' is between and ^ ; 



And m is inclined to unity at an angle = 1 +p - y . 36o®, 



w.... = l-5f.36o^ 

And 1 +p -^ q is greater than 1 — y, 

••• (?)' = ^ ('^y ^'^*- 9')' 

l\ - Nx + — — - &c.j (by Art. 128.) 
= 1 + (M- N)x + — -i — + &c. 

= 1 + ^^ + 7— r' + &C. 
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(133.) Let a = b l^Y^ where b is a positive 

quantity, and p positive and less than 1 ; then if p 
be greater than ^ and less than f , 

and c is of the same value as in Art. 129. 

For first let p be less than ^. 
Let/= — a, 
then/=-.l .a = /iU.a= /l\*6/iy=6 /n'+*, 

where since p is greater than ^ and less than ^, 

p+f 1 1; 

where ^ - » {^ ^ i{'^)' ^ \ (^)' + M 
(by Art. 133.) 

/+ 1 — a + l a-1 
a proper fraction (by Art. 122.) 
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# 

But/ = - I. a, 

••■(/)'=(-;)"-(i)' <"»'"'•»'•' 

= (lf- (ay (by Art 86.) 

=:ll +AX + -— — + &C. j . 

= 1+(A' + 5 n/^) ar + -:^ TT~~^ "^ ^*^' 



Next let p be greater than ^; 

As in the first case^ lety= - a, 
tben/= b(iy^^ = b (ly^-i-^ = ft/n^'-i 

where since p is greater than ^ and less than ^, 
P-i i; 



> 
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,-. //\* = 1 + A'x+ '-^-^ + &c. 



1.2 



But /= - l.a; 
.♦. in this case (A* = ( - 1)'. («)' (by Art. 91.) 

•••(?)• = (/)■•(!)'' = (/)•■ (if 



A^x 



(134.) Cor. Let « = ft /l\^, where A is a posi- 
tive quantity and p positive and less than unity, and 

and let c be of the same value as in Art. 129. 

Then if p be less than ^, 
{ay = 1 + (^ + qcj^l)x + i^^i^^^^)"^" + &c. 
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If p be greater than \ and less than f , 

If p be greater than f , 
(a)'= 1 +(^+iTI .c V^I) a; + (i±i±i^|i^^^^^V &c. 

For first let p be less than \, 
Then («y = («)'. (1)' = (i + ^^ + ^ + &c.). 



(i+jc^yzri + (£££^^ + &c.) 



1 • ^ 

Next let p be greater than ^ and less than ;|:, 
Then («)■=(.)..(.)• = 



+ &c 



'(l + qcx,J^l + (gco^v^)' ^ &^ ) 







&c. 
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Next let p be greater tbaD f , 



(?r =(?)'•(;)' 



= ej- or •(!)'= ej •(?)'"• 



Jtx' 



= (l+^x + ^ + &c.). 



1 • ^ 

I 

(135.) Let a = b /l^^ u;Aere b is a positive 
quantity^ and p positive and less than 1, . 



Then UY 



(;)' 



=!=(B + p + q.cV-n)x + ^^ !^^ — ^-^^^^ — + &C. 

cmd c is of the same value as in Art, 1 29. 



¥ot, Ihy = 1 + Bar + — — - + &c. 

N 
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•••(?)'-(5)'-(!r •(!)" = (?)■•(!)'"•■ 

1 + -Bj? + y— + &C. j . 



= 1 + (B+^+7.c yri) . +i^±£±i:^Z=i)!^ + &c. 



(136.) To ^nd the differential of (b\\ 

Let a=^hl\y^ where ft is a positive quantity^ 
and p positive and less than 1 ; 

First let p be less than \, 

Let /aV = M, 
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u' ~u 



ulA + qc,y-A + - — ^^^ — + &c.| ; 



du 



• • 



=zu{A + qcj"^). 



Next let p be greater than ^ and less than ^y 

It may be proved nearly as in the first case^ that 
is this case, 

^ = w(^' + 9 + i.cV^-l). 

Next let p be greater than \^ 

In this case^ 
du 



dx 



- u{A + q + 1 . c x/^). 



fft-1 i/b-W i/ft-1 



it may be proved in all cases that 

du 



dx 



^u{B+p + q.c^,y^^l). 



du _ 

(137.) Cor. Hence if u = /iV, j- = ue^y^. 



UX) 



(138.) To integrate J^ = (a + b ^/^) u. 

Let. 2£ = C.leY'.l\Y\ where c is the base of 
the hyperbolic logarithms^ 

then -j- 
dx 



= C./e 



(e)"*'. (})"'. (m + ncy:ri) 



= tt(m + nc,y^-l); 



. m 



+ nc sT-^ = « + 6 \/ - 1, 



/. (by Art. 118.) m = a^ nc = &^ 



C) 



6 



••""^•(.Tdr- 

where C is an arbitrary constant. 



If 6 = 0, ^ = aw. 



and.w = C.ley\ 



©■ 
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>\ ax = hyp. log. u - hyp. log. C. 



du 



"" = "• if = (' ^/--') »• 



(!) 



M « 



and u =z C. /1\' . 



CHAP. IV. 



EXAMPLES ILLUSTBATIVE OF THE PBINCIPLES ESTABLISHED 

IN THE PBECEDING CHAPTEBS. 

(139.) To express the sines, cosines^ Sgc. of 
arcs in tei*ms of the powers of unity. 




Let AB — unity, BCDE be a circle described 
with radius AB; 

Let BA be produced to D, and through A let 
EAC be drawn perpendicular to DB; 

Let BF be a given arc; 

Join AF, and draw FG perpendicular to AB, 
and FH perpendicular to AC; 
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Let BF= $j and Sn- = whole circumference^ 



» 



Then JF= /!)«', 



AO = cos e, AH = sin »/-l, 



9 



• • 



ny^ = cos + sin >/"^, 



$ 



\ /i\ ^^ = COS - sin v^^ (by Art II7.) 



e 



:. by addition (l)*'+ (l) 2'^ = 2.cos 0, 



9 



By subtraction (l)^' - (iV ^''= 2. sin ^—l 



.'. cos = 



_(!)"+(})' 



9 

sin = 



_ (T - (1) ' 



In like manner it may be proved that 

0^ 

sec y n^'^ = 1 + tan ^ - 1, 

••. sec n\ 2^ = 1 « tan ^7^, 
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/. by addition sec {(1)^' + (M^^ 7 "^ ^' 

by subtraction sec {(l)^ - (l)"^} = 2 tan ^/^, 



.". sec = 



B > 

2)r 



(T + (!) 



••. 2 tan J — \ = 



(if * (1) " 



rj •{(!)•' -{;p}- 



.•. tan = 



2^ 

1 



(!r - ' 

rzn' *s. 



(!) 



Cosec = sec 



(i-*) 



3/n* 



(!) 



(!)^" 




'2' + 


(!)■ 


1 , 9 

4 + a,r 


~( 


]f 


9 


if 




'(! 


)* 




~{ 


2 


7-1 


1 


(!)^ 


mi: 


)'•( 


!)"' 


!)'"' 


-(;)" 


'air 




Cotan 


= tan 


(Z 


-0 


^ 
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(!) 



2fr — 1 



^-'(iT 



+ 1 



2£ 

lU./n air _ 1 



(!)'■(» 



V^ 



2$ 



(!)'•(;)'•*' 



1 



2d 

— 1 



- (!) " 

"TTT- "ZI? 



- 1 



29 
1 + /I\2- 



(!) 



V^' !! 



- 1 + 



29 
— V '^ • 29 

(!)"-' 

(140.) Def. When is said to be equal to 
any angle, it is to be understood that is equal 
to the arc which subtends that angle to a radius 
equal unity; thus if 9 be said to be equal to angle 
BAF in figure Art. 139^ it is to be understood 
that 9 = BF. 

O 
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(141.) To express the relations of the sides and 
angles of triangles hy means of powers of unity. 




Let ABC be a triangle^ and let its angles be 
=s Ay By Cj and the opposite sides be in length 
respectively equal to a^ by c; 

Let AB be in the positive direction, and let the 
parallelogram ACBf) be completed, and let BAC 
be a positive angle; 

Then BAD = — B, and AD is in length = a ; 

.\ AC= bfiy^, AD^ an\ 2'; 

A B 



In like manner it may be proved that 



' = <■ (ir + c (1) 



29r . 
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In which two equations^ together with the con- 
sideration that A, B, C being angles must be each 
less than w, are contained all the properties of tri- 
angles. 

(142.) Ex. 1. To prove that the three angles 
of ant/ triangle are together equal to ir. 



Since b = a ny^' + ^ (M ^"^ ^ 
by multiplying both sides of the equation by (ly 

But *(0^'' + «(j) ^'^^^i 



B J J+C 

2x 



.'. by subtraction - a (i\ ^^ = a (l\ 



A + B+C 



» 



^ow — 1 = (^Y*^> where p either = O, or some 
\vhole number either positive or negative; 

, A+B+C 
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Since is positive, p+^ is positive^ 

.*. p cannot be a negative whole number; 
And since^ A, B, C, are each less than wy 

is less than |, 

2 TT ' 

/. p cannot be a positive whole number; 

.-. J» = O; 

•'• ^ " 2 7r ' 

.•. A + B + C=7r. 

(143.) Ex. 2. To prot?e <Afl« the sides of tri- 
angles are to one another as the sines of the opposite 
angles. 

First to prove that 

b : c :: sin B : sin C, 



c = i (1)Y + a (1) 



IJT 



= ».([)..(.)-^+a(ip' 



= -fta 
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B + C 



(!) '■ +«(!) 



2ir 



:. c ny^^ ""*(M ^"^ "^ ^' 



.-. a = c(l\2'^+ 6(iy 



2t 



.'. a = c nV 



B C 

a^+ i^l^a^ (by Art. 116.) 



(\y 



. by subtraction 



O = c . 2 sin £ ^ — 1 -6.2 sin C ^ -\, 
O B c • sin J3 — 6 sin C, 



.\ b : c :: sin B : sin C. 



It may be proved in like manner that 

a : 6 :: sin ^ : sin B, 
and a : c :: sin ^ : sin C. 



(144.) Ex. 3. To prove that cos A = 



y + c^-a^ 
2bc 



" = »(!)" + ■"(!) 



2t 
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.*. by multiplication 

fl«= e - he {(1)^ + (1)"^^} + ** 
= c* - ic.2 cos A-v Vy 



.-. cos A =s 



26c 



In like manner any other properties of triangles 
may be established. 

(145.) CoR. Hence all the properties of triangles 
are contained in the two equations 



B 
2x 



A + B+C=ir. 

For the equation h ^ a l\y + c l\\ ^^ ^ay be 
deduced from these two equations in the same manner 

that the equation a — c 11^'' + h l\\ ^^ ^^s deduced 
from them in Art. 143. 



Ill 



(146.) To find the lengths of curves and the 
position of their tangents. 




Let NPP' be any curve, 
A the origin, AB the positive direction, 
AP, AP" two radii, PT a tangent at P; 
Let P'P be joined and produced to 8; 

Let AP be represented in length and direction 

Let AP" be represented in length and direction 
by/ 

Let NP be in length = «, 

NF =»', 

chord PF =k, 
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Let angle BAP = 6, 

APT = <p, 

TPS = S; 

Then angle BTP = + 0, 

and BSP = + <p + S; 

i + p + s 

.'. p'--p = ftJl\ ^' , 

p'-p k , ,»±±±f 

8—$ 8 -S \il ' 

Now let PP be diminished sine limite, 

k 
Then limit of —, = 1 (Newton, Lemma 7.) 

and Hmit of [1] ^' = (') ^' (Newton, Lemma 6.) 

dp , ^i±l 
••• Ts = (J) "' •' 

From which equation the differential expressions 
for determining the lengths of curves. and the position 
of their tangents may be deduced. 

(147.) Ex. 1. Let the curve he a circle, ^ and 
A its centre. 
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9 



p =^ r (ly A where r is a constant quantity^ 



J. C 



de 



i+p 






* r 



2ir 




de 

ds 



'•^=(1) 



1 
a*- 



2p 



/. by division — I = /1\*'> 



•. = 3. 



that is^ the tangent is at right angles to the radius; 



■■• (!)" = (!)' ' -^ '^'' 



« fc 



r. 



Sir 



-1 



de 

ds 



n/^ 



c de 



ll'l 



c 
/. * =± r i -^ + const. 

2ir 



Whenv^ = 0, let.^ s= 0, then const. ^ 0, 



c 

2w 



(148.) Cor. 1. Let r = 1, then » *= arc which 
subtends angle BAP to radial =s 1^ ihat is^ s ^ d. 



. JL^ 1 

2w ' 



» 

"■[■jt-i i^py (75)'- H (*"• '^«- 

(149.) Cor. a. Hence 5 = r0. 

(150.) Ex. 2. Let the curve be any spiral^ A 
ite pole. 



9 



Here /o = r/l\^', where r is a variable quantity; 

. e ... 

.'. pz=:r (iV (by Art. 148.) " 
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1 dr t d& / — \t+f 






dr dd ^-- _ -f 



.'. by multiplication, 

which is the differential equation for the length of 
a spiral. 

Also by addition and subtraction/ 

dr $ —2 . . 



d9 , — - . J . .-2 



=^rf7^^* = (l)'-(l)" = '^'"^/^' 



dr 

^^1 equations for determining the po- 
sm 9 — • jjig ^ sition of the tangent. 
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(15L) Ex. 3. Let th4 curve be referred to 
rectangular co-ordinates 4 

Let A be the origin^ 



X be measured in the positive direction^ 



^ y.4..f •..in the direction of + >n/ — 1 ; 

then p = X -^t/ ^ — 1, 
. dp _dx dy f — J 



^- d^ +d8^^"" (J) 



dx dy . — ,-l±l 



/. by multiplication y 



(£) - (i)' = ■■ 



the differential equation for the length of a curve. 
^Iso by addition and subtraction^ 

dx i±J -1+2 

^rf^"(f) ' "*■(!) ' =^ cos (0 + 0), 

3^V^ = (i)^ -(1) ^ = a sin (0 + 0)^=1, 
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dx 



sin (0+0)=^, 

tan(d+0) = ^; 

And d+0 = angle BTP (Art. 146.) 

s the angle at which the tangent cuta 

the axis; 

.'. the differential equations for determining the 
position of the tangent have been found. 

(15«.) Si„x = ,-j^-+^-^-&c. 



x' X* 

COS X = 1 1 &c. 

1.2^1.2.3.4 



For sin x = ^-d — tM— 

2 ^-1 

1 5 ^-^*^^-rr2-i^+r2X4-*-&<^| 
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x^ x* 



1.2.3 ^ 1.2.3.4.5 



COS X = 



_(!rM!)" 



a?* a?* 



— 1 1. . &c. 

1.2 1.2.3.4 



(153.) Def. One second is assumed as the unit 
of time; and apy other time f is represented by a 
line measured in the positive direction^ and bearing 
the same ratio to unity which tf' does to 1'' (see 
Art. 1). 

(154.) Def. The degree of swiftness or slow- 
ness with which a body is moving at any time is 
called its velocity at that time: and the velocity is 
thus measured^ let t be the time^ at the end of 
which the velocity is required, and 8 the length of 
the path described by the body in time t (the path 
being either a straight line or a curve, and the mo- 
tion of the body in that path being either uniform^ 
or accelerated, or retarded), let s' be' the length of 
the path described in the time t-\-h; and let ^ : l :: 
limiting ratio qi s' - s i h, when h is diminished 
sine limite; then T is a line which in length 
Tneaaures the velocity at the end of time t; also 
let the direction in which the body^ is moving at the 



lid 

end of time t be inclined to unity at. an angle = a, 

a. 

and let u = f^. (1)^9 then w is a line which in 

length and direction measures the velocity at the end 
of the time t. 

(155.) Cor. 1. Hence r= -rj, u = tt* (iV . 

/ • 

(156.) Cor. 2. Let NP in figure of Art. 146; 
be the path of the body ; 

ds 2±i 
then a = + d, .'v ti = 2/(1) * > 



£+1 rfp 

c?s c2/(>. dp 
•*■ ^~dt'de~dt' 



) 
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*^ ■ = (e)' + (Jf)' (*«• "'■) 



•••'" = d-f)'(al)' + ('i)*(rO' 



— {—\* 




\dtj "^ Vd!< 



(157.) Def. If the velocity of a body be in- 
stantaneously changed either in length or direction^ 
the cause which produces this eflfect is called an 
impulsive force or an impulse ; but if the velocity 
be gradually changed^ the cause which produces 
this effect is called a continued force. 

(158.) D£F. A continued force^ when its effects 
are estimated with respect only to the change pro- 
duced in the velocity^ without regard to the magnitude 
of the body moved^ is called an accelerating force ; 
and is thus measured, let u represent in length and 
direction the velocity of the body at the end of time 
t, u\ at the end of time * + A, and let y* : i :: 
limiting ratio u' ^ u : h, when h is diminished sine 
Umite; then / is a line which represents In t^gth 
and direction the accelerating force at the end of 
time t 

(159.) Cor. Hence /= ^ = g^- 
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(160.) IVhen a body revolves in a circle in 
consequence of the action of a force tending to the 
centre, to determine the vdocity and the periodic 
time. 

Let p represent the radius in length and direction 
at end of time t. 

Let r be a positive quantity in length = p^ 
Let p be inclined to unity at an angle = 9, 



then p = r (l\ 



force = ^ , 



And this force tends to the centre^ 

.*. -j^ is a line measured in the opposite direction to 

that in which p is measured, 

d^o 
• • 77^ is inclined to unity at an angle = 7r + 0, 

d^o y + 9 

Let ^ = ^'(1) "" > ^isa positive quantity; 

now p = '»• /i^« 



, = r(l). 



1S2 



.*. since r is constant in a circle, 
dp , « de /— - 

d*p , i/dd\' , , id^d r— 






.'. we have the two following equations^ 



-77 = const. = C; 
at 



.-. P — r.C, a constant quantity; 
.-. ^ = V p + const. 
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when = 0, let # = o, then const. = ; 



.•• ^ = eVp; 



Let e = 27r, 



then periodic time = 2 7r v -p; 

Let f^ be in length equal to the velocity, 
then generally P = (^^' + r' (^V (by Art 156.) 



.'. in a circle f^^ = r' (~n) = f'P, 

(161.) When a body is acted upon bjf a centri- 
petal force, to Jind the sectorial area described round 
the centre^ and the velocity, 

^ d'p '^+J 

As in Art. l6o. ^ = P./i\ c ^ 



and p = r (IV ; 



dp dr i ide t 

'^it'^dt'{'y^'[^yTt^-'^ 



4 



• • 
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df^df'{\y^^di'Tt'(\Y^^ 

/d0x* i d'e ^ , — 

-'•U)•(ir■^'•rf?•(;r^/-»' 

d6l\* £ <f0 1 






•••^•(})'=dF + 'dF-d? •^^^ 



/ay\* «fy y 



but P/n« = -P, 



_ «Pr dr «[£ * 



d0\« tfe 



di) ^^-dF-^^^' 



. we have the two following equations. 



dV _ /«?fl\« 
d<» *" \dt) 



(0 --r(^^V=-P 



dr d9 d'0 
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multiplying all the terms of (2) by r, we have 

dr de ^d^e 

.\ integrating, r* ^ = A, a constant quantity, 

:. Jr^dQ = ht ^ const, 
when fr^de = O, let t = f, 
then fr*d9 = h (t-tf), 
I'de h 



.-./^ =,«-<-). 



or sectorial area = - (^ ""*')• 



dv 
Now multiplying every term of (i) by 2.-7- and 



do 
every term of (2) by "^r-^ , we have 

^Tt'dF':^^di'\dt) '••'• "'^^dt 

dr /d0\^ , ^ ^de d'e ^ 



.-. by addition, 



dt'Kdt) ^ dt'df 



dr d^r dr 

^di'df'^^^di 
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/. integrating, (^) + r* (^) =/ - 2Pdr, 

.'. (by Art. 156.) P = f-2Pdr. 

(162.) Cor. l. From equation (i), 

d^ ^\dt) ^ 

= centrifugal force — centripetal force. 

(163.) Cor. 2. Since r'^^h, 

/dtr^ _ r* 

""•' idt) + <■ (.di) = ^• 
••■(a)' + '' = T. 

(164.) Cor. 3. Let w = -, 



., du 1 dr 
then TT = 5. -TTr, 



•■• ^ = *' {(S)' + "'} ■ 
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(165.) Cor. 4. Since P =/- aPdr, 

2Pdu 



P=/-i 



"1 2 > 

u 






.•. differentiating^ A* 1 2 



du d^u du) ^2Pdu 

de'W ■*"^"50> "1^ de' 



• • 






£f U , P ^ 



(166.) Le^ P oc -5^ to find the equation to the 
curve described. 



Let P = -s = mu^ ; 






Let M — 7i = ^j 



du _ rfj? 
dd^dd' 

d^U _ rf*J7 

W d¥' 
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Let {e\^^. 



/e\*^ . /I V represent a particular value of x, 
where e is the base of the hyperbolic logarithms^ 

.-. (eY^.(iy.{k + n,J^)* + /eY^.ny =0, 



.-. (k + n,y-iY + 1=0, 



.. Af = o, n = ± 1 ; 



. the general value is. 



9 A 



(ir + <^ (1) • ' 



$ 



Let C = flji^^, c' = 6/i\% where a, b are 
positive quantities and a, /3 positive and less than 

then X =: a (l\ ^ + j /jx c 
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.'.by subtraction^ 



o = a.(i)^ -«•(}) ' +*•(;)' -Ml) 



c 



/8n d , a /8^ e 



"{"(D'-Mirli'J'-l^iiP-'iiH-C!)"'- 



I8x SO i- ft B 



.'. since 9 is variable^ we have the two following 
equations, 

a(l)^-6(I.)-Lo 
a(ip-6(l)f=0 

from either pf which we deduce 

(!)' = «)' 

R 
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>*. substituting these values for b and (l\ 






C 



. = «(!) c +«(j) 



= a . 2 COS (a + 6) ; 



.•. W — T5 = 2a COS (a + 0), 



.'. T? = 2fl COS (a + 0), 



equation to the curve described. 



J 



(167.) To solve a cubic equation x^- qx + r =0, 

q* r* 

when ^ is greater than -- . 

By Cardan's rule, 

V 2 ^ 4 27/ ^ V 2 ^ 4 27/ 
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Inhere y* is a positive quantity^ and -« positive and less 
than 1; 

/. ^ =/(l)^ +//lV^ =:/.2 COS0; 



By multiplication^ 



r\* 



(^f.-i)=/'' 



.•./=V^; 



COS 0; 



^'•"--.^(^-^TV^ =/■(!)" 



And 



-3-G^-4)V-l=/'(.) .; 



/. — r 



=./^.2 COS (30); 
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.-. ces (3d) = - -I5 = - — I-j = _ ^^-^S^. 

Let - /-^ = cos 0, where is positive and 
less then 560®, 

Then ^ is known from trigonometrical tables; 

And since - .^ = cos 0, 

= cos (2.360^0), 

■ 

/. cos (3 Q) = cos = cos (360® + 0) = cos (2 .360^+0) ; 
/. the values of Q are 

/. the values of x are 

3\/f.C08(f), 2\/|.C08(l20« + |). 



2 V I . COS (2400 + I) , 



which may be found from trigonometrical tables. 
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( 168.) To find the integral of — . 



Let X = (e)'"*-(iy . 
Thenrf^ = (fr.(;)'(m + «y-l), 

1 dj? /— 

X ay -v ^ 



Now a? is in length = le\ 



my 



.*. my is the hyperbolic logarithm of the length of x\ 

And ny is the angle, at which x is inclined to 
unity, 

■ » 

.'. if this angle be called angle of x, 

/dx J 

-^ = hyp. log. of length of a? + ^/ — 1 . angle of x. 
X ' 



2adx 



(169.) To Jind the integral of -y— 

a + 



X* 
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2a 



' + ' 



/2adx _ p dx p dx 

a^ + x'^^J a + x^^y^ J a-Xsf^ 



1 p dxssj ^ 1 1 p-dx s/ '-I 

— I'J a + XsJ"^ J —\J a-x J --X 



sj 



_ 1 ( 7= 

T^T I '^yP* '^^' ^^ Jcngth of a + a? a/ — 1 

-f ^—1 .angle of a -f a?>^/^ r 

/_- -I hyp. log. of length oi a — x ^J —I 

+ s/~ . angle of . a - a? >/^ r 

= / ' < hyp. log. of length of ^t= 

V "~l (^ a— x>^-— 1 

of ^^7=? 

= -7i= . [hyp. log. of length ofgLlfjs/^^l 

V -1 ( «~^^/--lJ 



+ V — 1 .angle 



+ angle of 



a — X ^ ^ I 
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(170.) Cor. Hence, if a and x be positive 

s 

X 

quantities, and v be an angle whose tangent is - ; 



f 



2adx 

-i i = 2v. 



For in this case '^m is in length = 1, 

a — Xi^ — 1 



.-. hyp. log. of length of ^. ■ = O ; 

a-^x a/ — 1 

And angle of ^. = angle of ^ , ^ 



= angle of (l +^>y^^ , 
= 2. angle of (l +^.^31^, 



= 2V\ 



iadx 



/v.aax 



(171.) To find the integral of 



± yF+a»* 



Let ± M^x'^+if = 3^, 
then x^ -h a' = y, 
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and -r = -^ > 
ax y 

dy-k-dx^ x+y 
dx y~ * 

pdx ^ pdx^rdy 

/ dx _ ndx + dy 

± y/x^' + a' "c/ x+y 

= hyp. log. of length of (j?+j^) 
+ nA^ .angle of (a?+y) 

= hyp. log. of length of {x± y/af + a') 
+ s/ — l^ angle of (a?± >y/^ + fl*). 

(172.) Cor. In like manner the integral of 

dx 



± ^x^ + 2 



will be found to be 



ax 



hyp. log. of length of {x-\-a± ^x'^Q.ax) 



+ >y/ - 1 . angle of (a?+a± ^/x'* + 2ax); 

And by similar investigations the integrals of 
other logarithmic and circular functions may be ob- 
tained. 



(173.) fFhen a body is moving about a centre 
of force as in Art. l6l ; a radius vector, and the 
'Oehcity of the body at the extremity of that radius 
vector being known both in length and direction; to 
find the value of the constant quantity h. 

i 
Let ^(l)^ be the velocity, 



i dp 



, i dr i de , — 



ij:± dr , de , 



or r. cos (0-0)+ V.%\w{<^-Q).,J~-\ 
_dr d9 I 

.'. r sin (0-0) = r.-^; 



But h = r.-jT, 

dt 



.•. h = rf^.sin (<f> — 9). 

S 
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(174.) Let a body he projected from the ex- 
tremity of a given radius vector, with a given 
velocity^ in a direction perpendicular to the radius 
vector, and let it be acted upon by a force tending 
to the origin of the radii vectors, and varying in- 
versely as the square of the distance; to find the 
equation to the curve described by the body, and 
the time of describing any part of that curve. 

The equation to the curve described in this case 
has already been found in Article i66; but, in order 
further to illustrate the principles established in the 
preceding chapters^ another method of finding this 
equation is here given; 

Let the given radius vector be in the positive 
direction^ and let it = I, 

Let the velocity of a body revolving in a circle 
at the distance I w^ith the same centripetal force be 
in length = f^. 

And let the velocity of projection be in length = n F; 

Then velocity of projection = nV ^ ^ \ ; 

Also r= sfFd, (by Art. l6o.) 

A /ml 4 /m 
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.-. m = IV\ 



i 



Also h = l.nV (by Art. 173); 






dp F ! 1 
.-. T^ = . /i\« . y — 4- const. 

= — • /IV . x/ — 1 + const, 
when = 0, ^ = nV .J'^Xy 



y 

.-. nVj'^ = — n/--1 + const. 



.'. const. = . f^. x/ - 1, 



Let n'^ — 1 = c, 
then const. = — ^ x/ — l ; 
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.•.^ = ^V^.{e. (;)?}; 



TWT 1 I d0 



-iide 



• • 



.« 



InF' (;) ' dt ' 



••>4;=^.{-(i)-}-(!rrf 



p 1+e.l 1-2^-1 -V-1-' 



= - MlW {' (I)''' "■ ' (1)"^ ■*■ '""'*•' 



When = 0, p=^l. 



1 e+2 



e+2-2-2e 
,'. const = 



2{l+e).l 2(l+e).r 
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Let a = 



1-e' 



Then - = — ; wr^ equation to curve described. 

r a.(l— e*) ^ 



Next to find the time of describing any part of 
this curve, 

1 2 ( -?^ -^) 



2(l-c*) a -2« 2 -2 

•■■-V--? = ■ + (;) •+;■(!) '. 

_2» 2 __! .1 2.(1 -c*) a . 1 



2(l-e') a 1-e* 

.- + — J— 

e p e 
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_L» 2 _i 1 (/)+2ac).(l-c'') 

■■■{]) •*?(!) •^? = -— 7? 

! 1 (p+2ae)>.(l-e*)i 

• ill ^ + "^ = ± 1 9 

_! (p+2ac)*.(l-c*)» 1 



c?^ n 



• • 



dp VJ~I\ ' I 



n 



(!): 




-1 • 



(!) 



e/n ' + 1 



n 



(}) 






"er^^Il-l +(p+2ac)i.(l-e')*r 



.-. t 



,, /^V , .. . {(1 - OV + /V^J +const.. 
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Now r—^^E— 

J (p + 2ae)* 
= 2pi{p + 2ae)i —f(p + 3ae)*.-j 

r 

P^dp /* 2aedp 



= 2pHp + 2ae)i-rj-^^,-r^ 



2ae)i' 



= hP (p*+2aep)^ + ae r — . o ^ rr 

= + {p^+2aep)^ 



+ ae.hyp. log. of length oi {p + ae± ^ p^ '\'2aep) 



+ ae^ — 1 .angle of {p + ae±Ajp^ + 2aep); 



.-. « = 



-^^-7^i=-7=.|(l-e')..,T (,-+.«.,). 



+ ae.hyp. log. of length of (/o + ae ± ^p^ + 2aep) 

+ ae s/ -l . angle of {p+ae± ij ^ + 2 aep) r + const. ; 
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Now ± ii-^- ^-^ = (l\ « + - , 

_» 
l+e(l) « 
.-. ±(p* + 2aep)i = p. ^^2'J)h ' 

When *=0, = 0, p=\—e.a, 
and ± (p' + 2aep)^ = ^' ""fi'J!e-)i "^^^ = "^'^^ "^'^^^ 

eF.^l-e-v— 1 ( 
+ ae . hyp. log. of length of (a + a ^1— e^) 

+ ae . a/ - 1 . angle of {a + a^i — «*) r + const 

+ flc . hyp. log. of length of (a+a ^yi—e*) 

+ ae.Aj — I . angle of (a +a V * - c*) r + const.. 



e«)* 



1 



ryr^^V^ \ 



= .(Vl-e'.(/o+ae) + (p*+2ae(o)* 



+ ae . hyp. log. of length ofP+''^±s/7±^ 

a + a^l -e* 

+ ae.^—\ .angle of ^^ ^/ — ^f , 
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an equation which gives f in terms of p, where that 

value of ± ^p^ + 2aep must be used, which satisfies 
the conditions of the equation 



(175.) To find the time t m terms of the 
angle 9. 

1 +c(n « 

r. {iV + cr 
= (i-c»)i ' 

.•. -s/l -e?.(p+ae) + (p^ + 2aep)i 

f i 1 i 

(1— e*). jr /iV + ae| - r. (iV — er 

= (l-e')* 

~ (l-e')i'i^ ^ 1+CCOS0 ) 
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/. >JT^.{p + ae) + ^p'+2aep 



i+eco8 0-l-e(l\' 

^^•(^-^)*- 1+6CO80 

,,, COS 0-COS0- sine ,y^ 
«^(^-^)*- 1+6COS0 



ae«.(l-0*-8»n^N/^. 



1 + e cos 



Also p + ae ± ^ p^ + 2aep 






r 

ae + r 






x/l-6^ 



= ac + 





(>yr^+ 1) . /ly^ + e 

^ 1 + c cds 



= a. 






1 + e cos 



*** l+eco8 

'"• I + c cos 61 
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l+ecos0 
. P + ae± s/ p^ + 2aep e^co%e+ ^l—e.siuO^s/^ ^ 



/. t = 



rr. J ae.hyp. log. of length of 



e-f co8g+ >y/l— e^.sin 0.^^^ 

l+ecos 



+ fle . y^l angle of ^ + co«^+/l -^'>^n 0.^:^1 
^ ^ 1 H- e cos 

"" I + e cos 3 

= — : — T==r= . J , . hyp. loff. of length of 



e + cos g 4- ^/ 1 - e^ . sin g x/ — 1 

1 H- e cos 

, « c + cos + aJi -e*.8\n 0.x/ — 1 

+ angle of --; ^ — 

° 1 + e cos 



1 + e cos 



} 



now ^ 



- V /» 
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., r. ym = \/^^Hi = \/?; 



a a< 



••■fTtt 



c j^/m^ 




.'. t = —7=- •} —7=. hyp. log. of length of 



e + cosg + ^l >-€^sing>^ - 1 
1 + e cos Q 



+ angle of ^ -r ^ 



e(l~e")i.8ine 
1+e CO8 



}. 



an equation which gives the value of t in terms 
of 0. 



(176.) To determine what this value of t becomes 
according as different values are given to n. 

First let n be less than 1^ 

Then e is negative, 

Let e= — e', 
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then t = — == -I . hyp. log of length of 

vw I s/ — 1 



e^^fco8e + ^/l-e^^siney^ 
1 - c' cos 



+ angle of -^+cosg+ ^1 - e'^-sin g ^^ 



+ ^ 



l-e'cos0 3' 



Now length of -^+cose+yi-^sine,J^i 
^ 1 - e COS 

^ {(- e^ H- cos e)^ + (1 - e'') . sin^ 0}^ _ ^ 

1 - e' cos 

'. hyp. log. of length of 

- e^ + cos g + ^/l - ^ . sin g ^/^ _ 

1 - e' cos " ' 



- , ^ - e' 4- cos + n/ 1 - e^ . sm x/^ 

and angle of , , t; ^^^ 

^ 1 — e cos 

, , . ~ e' + cos 9 

= ang'le^ whose cosine = -, , 

° ' 1 - e cos ' 



> 



, - . >w/ 1 - c'* . sin 

and whose sine = -^-; — --, jr- , 

1 — c cos 
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Let this angle = u^ 
Then t = -7=-l ti + e'sinwj-. 



Next let w = 1, 



Then e = 0, 






i , »hyp> log, of length of 

(cos + sin x/-l) 
+ angle of (cos + sin s/ — l) c 

= --=^ . J . , . hyp. log. of length of / 1 V 
^m (a/ — 1 Vi/ 



igle of /IV I' 





+ ani ' 



.0. 



^m 



Next let n be greater than 1 and less than ^^^2^ 

m 

Then e is positive and less than 1 ; 

f * u 1 u e+co8 

Let M be an ans^le whose cosine = -, 

° l + ecos0 
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Then it may be proved nearly as in the first 
case that 




m 



. -J w-e sin M >• . 



Next let w = ^2, 

Then e = I; 

Here we must find t by the method of deter- 
mining the value of fractions^ whose numerators and 
denominators are evanescent; 

By the preceding case, when e is less than l^ 

a* 



/ = 




. •] u — e sin u h 



m 
Z* M- e sin u 



,j sin w + i-isin'M+ -— .i sin^w + &c. — e sin t^ 




m 



(l-e)t 
,j (1 - c) sin w + g . sin^ ** "*" 7^ • ^^'^^ ^ "^ ^^• 



V^' (1-^)* 



„ . >s/l— e sin x/l— e.>v/l+e.8in 

Now sm M = ^ :r— = -r-r- ^ ^ 

l+e.cos0 l+ecos0 
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f ^ _^ f y/l+e.sine 1 (1 +e)« sin* 9 
x/m ' t 1 +e cos "*" ^ (1 +c cos 9)' 



3 

+ — 

40 



,. . (l+e)^8in'e _^ . 1 
•^'-^^• (l+eco8g)' +^"-r 



Let e = I, 



rru * ^ I /TT sine , 2» sin'e ) 

Then t = — r^ . ■{ ^2 . ^ + tt . tz—. t^z^ J- 

^m l^ 1+0080^6 (l+co8 0)^j 

^8^2 f sine j_ sin'g ^ 

^ '\H-CO80"^ 3-(i+co8 0)7 

= T- .<tan - + i.tan'- }. 
x/m (,2 3 2 J 

Next let « be greater than ,^2, 
Then e is greater than 1, 

In this case at = ( J-^)' = (r-^^)' 

Let = a, 

e— I 

Then a» = a'* . ^^ ; 



1&3 



.< = "-2^ 




m 



— . } — -- . hyp. log. of length of 



e + cosO + x/e"^— 1 .a/— 1 »sing.>/-l 

l+ecos0 



, ^ e+cos0 + /w/c*— 1 . v^ — 1 . sin-0 . ^ — 1 

+ angle of ^^^^ — , , ^ — ^ ^^^ 

° l+eco8 



— e 



l+eco8 J 



e + cos — ^c*— 1 .sin 



+ V-l .angle of r+T^^ 

1 + e cos y 



Now ^+^*^^^-^^^-^^"^ is a positive quantity, 
. , r 1 .u -. e + co8e-^e*-l.sin Q 

• • ^•yp- •'^s- ""^ '«"st'» ^^ 1 +; cos Q — 

, I e + cos Q — Au/^'— A • sin f> 
= ^yP- '**«• 1 + e cos e ' 



, , ^ C + C08 0- -s/e-- 1 .sm 
and ancrle or -—r^ ;r = ; 

® 1 +6 008 

U 
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.-. t 



^^P 



n/ 



.log. 



e+cos9- „yp— 1 .s\n9 



1 + e C08 



e >/e* — 1 . sin $\ 
1 + e COS & J 



I 



I 




•ns 



- :-A 



